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P R E F A C E 
 
 
 The 4th International Congress of Croatian Society of Mechanics, which is organized 
by Croatian Society of Mechanics and Central European Association for Computational 
Mechanics (CEACM), is the fourth in the series of organized gathering of scientists and 
researchers in the field of general mechanics, mechanics of solids, mechanics of fluid and 
computational mechanics.  
 These Extended abstracts contains 4 invited lectures and 80 extended abstracts as well 
as attached CD-ROM with all of 84 session papers presented at the Congress in Hotel 
Termia in Bizovac during the period September 18 -20, 2003.  
 The overwhelming majority of papers deals with topics of computational mechanics 
but the papers from other areas of mechanics are included, too. Although, all contributing 
papers have been reviewed, they are printed and writhed from camera-ready copies 
supplied by the authors and the editors cannot accept responsibility for any errors or 
inconsistencies contained in the papers.  
 Editors and organizers are very grateful to all reviewers and participants for their 
contributions in making this Congress a success. They also wish to thank our sponsors for 
their financial support and all those who helped in any way in organizing this Congress. 
 
 

Franjo Matejiček 
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NUMERICAL MODELING AND IMPLEMENTATION OF 
R-C FRACTURING THROUGH THE FEM 

Claudio Borri, Luca Salvatori and Wolfhard Zahlten 

Keywords:  Fracture Mechanics, Finite Element Method, Reinforced Concrete. 

Abstract 
 This contribution deals with the specific FE formulations of two distinct three-dimensional con-
tinuum models for the simulation of fracturing in concrete and quasi-brittle materials: an isotropic 
scalar damage model (SDM) and a rotating crack model (RCM). 
 According to the isotropic SDM, the loss of integrity of the material is controlled through a sin-
gle scalar parameter. The resulting damaged stiffness tensor is a scalar multiple of the elastic stiff-
ness tensor, so it decreases proportionally in every direction, independently of the direction of the 
loading. On the other hand, the RCM reproduces the anisotropic behaviour of cracking. The im-
plemented version allows the formation of up to three mutually orthogonal cracks, which keep 
aligned with the principal directions (of both stresses and strains). 
 For both models, some implementation devices and numerical algorithms (also useful for other 
constitutive laws) are described. The models are implemented into an 8-node isoparametric volume 
element and tested in the analysis of simple but representative structures, for which experimental 
tests and different numerical simulations are available. 

1. Introduction 
 The present paper, originated within a thorough study for a final degree thesis [5], deals with the 
modelling of fracturing concrete, through the Finite Element Method. 
 The non-linearities of reinforced-concrete result from the non-linear behaviour of its individual 
components and of their interaction (concrete cracking in tension, concrete plasticity in compres-
sion, steel plasticity, etc.). In the present study, the attention focuses on concrete behaviour and in 
particular on cracking (even though the models are formulated in such a way as to easily allow the 
combination of cracking and plasticity). In particular, two different cracking concrete continuum 
models, namely a single parameter isotropic damage model (SDM) and a rotating crack model 
(RCM), are analysed, developed and implemented into an existing modular computer program 
(FEMAS, Finite Element Modulus of Arbitrary Structures, Ruhr-Universität Bochum, Germany). 
These models are of interest not only for concrete but also for other – so-called quasi-brittle – ma-
terials (such as masonry, rocks and some kind of soils), which are frequently used by civil engi-
neers. 

2. Physical parameters characterizing tensional cracking 
 Cracking and consequent loose of mechanical properties occur due to the proliferation and the 
coalescence of micro-defects and micro-voids, which exist in concrete even before the application 
of any external action. The directions of principal local stresses are unpredictable because of the 
randomness of heterogeneity but, on a larger scale, experimental tests have shown that macro-
cracks open on the plane orthogonal to the maximum principal nominal (average) stress. 
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2.1 Uni-axial traction test 
 In the material models of the present study, the three-dimensional fracturing behaviour of con-
crete is traced back to the uni-dimensional behaviour, which can be more easily deduced from ex-
perimental uni-axial traction tests. The traction-separation law (fig. 2a), relating the stress σ  to the 
fracture opening w , is considered the true physical (gauge-independent) property of the fracturing 
material. The experimental traction-separation curve can be analytically expressed, e.g. by means 
of an exponential function 
 ( ) ( )w t Gexpf w f w wσ = = −  (1) 
whose characterizing physical parameters are the tensile strength tf  and the specific fracture en-
ergy tG  (i.e. the area under the traction-separation curve). The parameter G t tw G f=  is evaluated 
by imposing the correct energy dissipation. 

2.2 Definition of strain during fracturing 
 Due to the cracking-zone localization, it is indeed not possible to give a physically meaningful 
definition of strain during fracturing, as it depends on the length along which it is measured. There-
fore, experiments always deal with elongations. On the other hand, continuum constitutive models 
need to define strain-like quantities, which could be obtained by choosing a characteristic length h , 
along which to smear the elongations. In FE analysis, h  is usually the actual finite element length 
projected along the considered direction. In this study, the dependence of h  on the direction is ne-
glected and an equivalent element size 3

elemh V=  is assumed, where the volume of the element 

elemV  is computed through Gauss’ numerical integration. 

3. Isotropic Scalar Damage Model (SDM) 
 The isotropic SDM represents the simplest version of the damage model and the immediate ex-
tension of the uni-axial case to a general three-dimensional stress state. The loss of integrity is con-
trolled through a single scalar parameter and the resulting damaged stiffness tensor is a scalar mul-
tiple of the elastic stiffness tensor, so it decreases proportionally in every direction, independently 
of the direction of the loading. As the isotropic linear elastic material is characterized by two sca-
lars (usually Young’s modulus E  and Poisson’s ratio ν ), the most general isotropic SDM should 
deal with two independent parameters. For the presented single-parameter version, Poisson’s ratio 
is assumed as constant. 

3.1 Hypothesis 
The basic assumptions of the isotropic SDM are the following: 

1) Damage is isotropic and it does not affect Poisson’s ratio, i.e. the damaged material 
stresses σ  are obtained by multiplying the bulk material stresses bσ  by the scalar factor 
1 ω− : 

 ( ) b1 ω= −σ σ  (2) 
The damage parameter ω  represents a scalar measure of the damage level. Initially, it is 
set to 0 for the undamaged material, then it starts increasing as soon as the elastic limit is 
reached, growing asymptotically to the limit value of 1, which corresponds to the com-
pletely damaged material, unable to transmit any stress (fig. 1c). 

2) Bulk material is isotropic linear elastic: 
 b e=σ D ε  (3) 

where eD  is the isotropic linear elasticity tensor and ε  is the strain tensor. The combina-
tion of tensional cracking and compressive plasticity can be introduced by modifying this 
relationship. 

3) Damage evolution is characterized by a dependence of the damage parameter on the ap-
plied strain. In order to automatically take into account the unloading-reloading conditions 
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(assuming linear unloading-reloading without residual deformation), the damage parameter 
is chosen as a function 

 ( )ω ω κ=  (4) 
of the strain tensor through the maximum strain level reached in the material history κ . 

4) The damage increases monotonically (no “repairing” is allowed): 
 ( ) ( )eqmax

t
t

τ
κ ε τ

≤
=  (5) 

is the maximum historically reached value at time t  (not necessary the physical time) of 
the equivalent strain eqε , which is a scalar measure of the reached strain-level. 

5) A strain-tensor “norm” is provided: 
 ( )eq eqε ε= ε  (6) 

The way equivalent strain eqε  is defined affects the shape of the elastic domain. As con-
crete fracture grows mainly when the material is stretched, only the positive normal strains 

( )
3

2pos
eq

1
I

I

ε ε
=

= = ∑ε ε should be taken into account (fig. 1a). In this study, Rankine’s 

criterion of maximum principal stress is used and the equivalent strain is defined as 
Rank
eq b,1,2,3

1 max IIE
ε σ

=
=  (fig. 1b). In the previous formulas, Iε  and b,Iσ  are the Ith principal 

strain and principal bulk-stress respectively and the angular brackets denote the “positive 
part” operator, i.e. ( )max 0,x x= . 

3.2 Damage evolution law 
 In order to keep the model as simple as possible, a stress-strain relationship is explicitly defined, 
instead of deducing it from (1), as it will be done for the RCM, and an exponential softening is 
chosen (fig. 1d): 

 
0

0
t 0

G

if 

exp if 

E

f

ε ε ε
σ ε ε

ε ε
ε

≤
=  − − > 

 

 (7) 

where 0 tf Eε =  is the strain at elastic limit and the value of Gε  can be determined by imposing 
the correct energy dissipation. Comparing (7) with the uni-axial version of damage model 

( )1 Eσ ω ε= −  (and substituting κ  to uni-axial strain ε ), the damage evolution law 

c)  

 
  a)          σI/E – σII/E b)           σI/E – σII/E d)  

Figure 1: Young-modulus-normalized 2-D elastic domain shapes for pos
eq 1ε =  (a) and Rank

eq 1ε =  (b) in 

principal stress space, for 0.2ν = . Evolution of the damage parameter for the uni-axial test (c) and 
corresponding stress-strain diagram (d). 
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 ( )
0

0 0
0

G

0 if 

1 exp if 

κ ε
ω κ ε κ ε

κ ε
κ ε

≤
=  − − − > 

 

 (8) 

is obtained. Imposing the correct energy dissipation and smearing the strain along the crack-band 

width h , the parameter t e
G

t

G G
f h

ε
−

=  can be evaluated, where el t 0 2G f ε=  is the energy at the 

elastic limit. 

3.3 Formulation and implementation 
The formulation and the implementation of the isotropic SDM are straightforward from the hy-
pothesis, as an explicit stress-strain relationship can be obtained by successive substitution of (6), 
(5), (4), (3) and (2). 

4. Rotating Crack Model (RCM) 
 The basic idea of the RCM is to keep the principal axis of stresses and strains aligned and to al-
low the cracks to rotate with them. In this way, each crack always opens in pure mode-I, being only 
subjected to normal stress and normal strain, and the relationship obtained for uni-axial case is suf-
ficient for the description of the model. The objections about the physical meaning of “crack rota-
tion” have been overtaken in [2]. In the following description, the formulation presented in [3] is 
considered. 

4.1 Hypothesis 
The RCM is based on the following assumption: 

1) Strains ε  are decomposed into a bulk material part bε  and a cracking part cε : 
 b c= +ε ε ε  (9) 

2) Bulk material behaves as isotropic linear elastic, i.e. stresses σ  are related to bulk-material 
strains through linear elasticity tensor (the combination with plasticity modifies this hy-
pothesis): 

 e b=σ D ε  (10) 
3) Cracking strains are produced by up to three mutually orthogonal cracks, which keep 

aligned with the principal directions (of both stresses and strains): 
 T

c n c=ε T e  (11) 
4) For the ith principal direction, the principal cracking strain c

ie  is assumed to depend only on 
the relevant principal stress is  (and on its history). This relationship can be expressed 
through a function ( )c

i i ie g s= , which describes all the possible material statuses (namely 
uncracked, softening and unloading-reloading). In vector notation, it reads: 

 ( ) ( ) ( ) ( ) T
c 1 1 2 2 3 3, ,g s g s g s= =   e g s  (12) 

 In the previous formulas 
Tc c c

c 1 2 3, ,e e e =  e  and [ ]T
1 2 3, ,s s s=s  denote the 3-component column 

vector of principal cracking strains and principal stresses respectively and  

 

2 2 2
11 12 13 11 12 12 13 13 11

T 2 2 2
n 21 22 23 21 22 22 23 23 21

2 2 2
31 32 33 31 32 32 33 33 31

n n n n n n n n n
n n n n n n n n n
n n n n n n n n n

 
 =  
  

T  (13) 

is the transformation matrix for second order tensors from principal coordinates into global coordi-
nates, being ijn  the jth component of the ith principal unit-vector in the global coordinate system. 
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4.2 Formulation 
 Rewriting (9) in principal coordinates and substituting the normal components of inverted (10) 
and of (12) leads to: 
 ( )e= +e C s g s  (14) 

where e  is the principal strains vector and eC  is the 3 3×  normal component sub-matrix of the 
elastic compliance. Equations (14) are in general non-linear, so they must be linearized and an it-
erative solution is required. At the nth, incremental step, ( )nε  (and consequently ( )ne ) is given and 
the corresponding ( )ns  must be computed. From the (n-1)th step, both ( )1n−e  and ( )1n−s  are known. 
Assuming as first tentative value ( ) ( ),0 1n n−=s s , the linearized (14)

( ) ( ) ( )( ) ( )( ) ( )( ) ( ),0 1 ,0 ,0 1
e cδ δn n n n= + + +e C s s g s C s s  can be obtained, where  

 ( )( )
( )

( )( )
( )( )

( )( )
,0

,0
1 1 1

,0
2 2 2

,0
3 3 3

,0
c

d d

d d

d d

0 0

0 0

0 0
n

n

n

n

n

g s s

g s s

g s s

 
 ∂

= =  
∂  

  
s

gC s
s

 (15) 

denotes the normal component sub-matrix of cracking compliance. Introducing the normal block of 

the tangent material stiffness matrix in principal coordinates ( )( ) ( )( )( ) 1
,0 ,0

e c
n n

−

= +nD s C C s , the 

principal stress correction ( ) ( ) ( )1 0 0
nδ δ=s D e  can be computed from the increment of principal strains 

( ) ( ) ( ) ( )( )0 ,0 ,0
eδ n n n= − −e e C s g s . Therefore, the updated tentative principal stresses ( ) ( ) ( ),1 ,0 1= +δn ns s s  

can be computed. The iterative procedure: 

 
( ) ( )( )( ) ( ) ( ) ( )( )( )

( ) ( ) ( )

1
, 1 , 1 , 1

e c e

, , 1

δ
1,2,...

= +δ

i n i n n i n i

n i n i i
i

−
− − −

−

= + − −  =


s C C s e C s g s

s s s
 (16) 

can be repeated until the desired precision tollδs  is obtained, i.e. ( )
tollδ δi s<s . Finally, the stress 

vector is transformed into global coordinates: 
 n=σ T s  (17) 

4.3 Relationship between principal cracking strain and principal stress 
 Considering the ith principal direction, the functions ( )c

i i ie g s=  of (12) have to distinguish the 
different material statuses (fig. 2b). The analysis begins with undamaged material and no cracking 
strain is present: 
 ( )uncracked 0i ig s =  (18) 
 As soon as the principal stress is  reaches the tensile strength, a crack opens and ig  describes 
the softening law. Assuming constant cracking strains over the finite element, i.e. c =i i ie w h , and 
considering (1), during softening 
 ( ) ( )softening 1

wi i i ig s f s h−=  (19) 
holds. 
 During unloading and reloading a linear law without residual deformations is assumed (keeping 
in mind that crack surfaces can not overlap): 

 ( )
( )c,max max

un-/re-loading
if 0

0 if 0

i i i i

i i

i

e s s s
g s

s

 >= 
<

 (20) 

As the stress is unknown, also the material status cannot be known in advance. In particular, to de-
cide whether a softening direction keeps in softening or starts unloading, an additional assumption-
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verification loop must be provided. At the beginning of each iterative step (16), “softening” status 
is assumed for each previously-softening direction and the relevant ig  is evaluated accordingly. As 
during both softening and unloading stress should decrease, a positive stress correction means a 
wrong assumption. So, if a previously-softening direction exhibits a positive stress correction, the 
material status for that direction must be changed to “unloading” and the iterative step must be re-
peated. 
 On the other hand, if a direction status is “unloading-reloading”, positive stress corrections are 
allowed (reloading), unless the total stress exceeds the maximum previously-reached softening 
stress. In that case, and the status switches to “softening” again. 

4.4 Implementation and computational devices 
 To compute the stress vector the following steps have been implemented: 

1. From the given strains ε , the principal directions (i.e. ijn ) and the principal strains e  are 
computed. 

2. The current principal directions are compared with those at previous step and, if necessary, 
reordered in such a way as to maximize the scalar products (in absolute value) of the cur-
rent principal unit-vectors and the relevant ones at the previous step. If a scalar product is 
negative, the sign of the current unit-vector is changed. 

3. The iterative procedure begins: 
3.1. For each principal direction, an assumption on material status is made. 
3.2. The principal stresses correction δs  is evaluated, accordingly with the assumptions. 
3.3. For each principal direction, the material-status assumption is checked and, if neces-

sary, modified. 
3.4. If at least one assumption is changed, the program flow jumps to 3.2. 
3.5. The principal stresses s  are updated. 
3.6. The convergence criterion is checked and, if it is not satisfied, another iteration begins. 

4. The stress vector is rotated into global coordinate system through (17). 
5. The stress vector and the principal directions are stored as “old” values for next subroutine-

call. 

5. Numerical example 
 The developed constitutive laws hold for each material point of the continuum. The FE formula-
tion aims at substituting the infinite number of material points by a finite numerically manageable 
number of sampling points. Thus, non-linear equations are evaluated only at the integration points 
and a “homogeneous crack state” is postulated in their neighbourhood. Therefore, a crack opening 
at an integration point in the numerical model should not be confused with a fracture observed in 

     a)                 b)

 
Figure 2: Uni-axial traction test and typical stress-elongation diagram (a). Diagram of the relationship 

between stress and cracking strain, illustrating the possible material statuses (b). 
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an experimental test: a zone of cracked integration points defines instead a region where a macro-
scopically visible crack is likely to open in the actual structure. 
 In this study, a standard 8-node isoparametric element has been used for implementing the ma-
terial models, with a 2 2 2× ×  integration scheme. The non-linear static analysis have followed an 
incremental-iterative procedure. 
 The deep beam “WT3” (fig. 3a), experimentally tested by Leonhardt and Walther [4], has been 
modelled and analyzed. For this structure, comparison with different numerical modelling (i.e. 
fixed crack modelling through the code DIANA) is also available [1]. The uniform load has been 
applied through constant increments (both in the experiment and in the numerical analysis). 
 For the modelling of concrete, both isotropic SDM and RCM have been tested. For the model-
ling of reinforcements, the discrete approach, with the assumptions of perfect bond and of negligi-
ble plasticity in steel, has been adopted. Consequently, the reinforcement bars have been modelled 
through 2-node linear elastic truss elements, which share the nodes with the three-dimensional con-
tinuum elements modelling concrete. The material parameters used for the model are 

2
c 24000 N mmE = , 0.2ν = , 2

t 3.65N mmf =  and 2
f 60J mG =  for concrete and 

2
s 210000 N mmE =  and 0.3ν =  for steel. 

 Numerical cracking scheme at failure for the RCM (fig. 3c) substantially matches with the ex-
perimental cracking path (fig. 3b). 
 Comparing the load-displacement diagrams (fig. 4) as from the experimental test and from dif-
ferent numerical analysis, it appears that all numerical models initially overestimate the actual 

     a)                               b)                              c)

 
Figure 3: Geometry of Leonhardt and Walther’s “WT3” deep beam (a); comparison between experi-

mental cracking (b) and numerical simulation with the RCM (c). 

 
Figure 4: Load-displacement diagram for the “WT3” deep beam: comparison between experimental 

results and simulations with DIANA (fixed crack model) and FEMAS (SDM and RCM). 
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stiffness (likely because of an overestimated concrete Young’s modulus). After cracking, the RCM 
and the fixed crack model of DIANA behave almost identically, whereas the SDM shows a faster 
softening due to the isotropy of the damage. In the isotropic SDM, the elements with wide opening 
cracks are indeed virtually removed from the structure (as their stiffness is multiplied by a vanish-
ing factor), while they should keep transferring normal stresses parallel to the crack plane. 

6. Concluding remarks 
 Two different continuum models for the FE analysis of fracturing concrete have been analyzed, 
developed and numerically tested. 
The single-parameter isotropic SDM proved to be very fast in the analysis (because of its explicit 
expression for the stress tensor, which does not require additional iterations) and numerically very 
stable, even in advanced cracking stage. 
 The RCM presents a more complicate formulation and implementation and it requires several 
numerical devices (principal direction re-ordering, iterative stress-evaluation procedure, material-
status assumption-verification loop) but it shows a more consistent behaviour. Its continuum for-
mulation allows indeed the implementation into standard FE codes and its properties can be defined 
from the uni-axial test.  
 Future steps of this research work will focus on the development of different more sophisticated 
fracturing models (e.g. with discontinuities embedded in the element shape-functions), on the com-
bination of tension cracking with compression plasticity, as well as on the development of element-
embedded reinforcements capable of bond-slip simulation. 
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1. Introduction 
Hydraulic hoses with woven reinforcements are widely used in industry, e.g. for power transmis-
sion and for fluid transport. Such hydraulic hoses are composite structures where the fabric rein-
forcement consisting of steel wire or textile materials lead to a flexible hose behaviour as well as to 
a high resistance against inside pressure. Rubber as base material guarantees the tightness of high-
pressure hydraulic hoses. The reinforcement is arranged in braided form with plaited fibre bundles. 
The interaction between the individual fibre bundles influences the global stiffness of the rein-
forcement significantly.  
The purpose of this work is to develop a realistic numerical simulation model for high-pressure hy-
draulic hoses with woven wire or textile reinforcement. The aims of research are realistic predic-
tions of the deformation and stress response under service loads, determination of the bursting 
pressure, and optimisation of the crimping of fittings (see Figure 1). For that purpose, well-suited 
experimental tests for identification of the material parameters of rubber are essential. Concerning 
rubber, the main objective is to provide reliable material data for realistic loading conditions. For 
that reason, biaxial membrane tests in addition to the standard uniaxial tests are recommended for 
identification of material parameters.  
 

(a)     (b) 

Figure 1. Analysis goals: (a) prediction of bursting pressure, (b) simulation of the crimping of  
fittings 

The main topic of this paper is the mathematical description of the mechanical behaviour of the 
fabric reinforcement. Its stiffness and strength has a significant influence on global hose behaviour. 
The research concept is based on a trapezoidally-shaped fabric lattice model where the single fibres 
are represented by a spatial structure of rods. In addition to material and geometrical nonlinearities, 
this constitutive model also takes into account the increase of the fabric stiffness because of the 
mutual obstruction of crossing textile fibre bundles. For consideration of the latter, a concept based 
on the Hertzian theory was used. The stress state in the reinforcement layer, including lateral com-
pression of single fibres or fibre bundles, and the tangent stiffness according to this stress state, are 
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determined by means of an incremental-iterative procedure within the framework of the finite ele-
ment (FE) method. 

2. Constitutive Modelling of textile braid reinforcement 
Textile reinforcements of hydraulic hoses usually consist of a braid. Internal pressure leads to a 
complex load-carrying mechanism in the textile reinforcement. Several concepts are available for 
consideration of the mechanical behaviour of a braid in a numerical simulation, including the inter-
action between textile fibre bundles. In this paper a macro-mechanical concept for the description 
of the composite structure is used. 
The assumption of a homogenised composite material is one mode of treatment of woven fabric re-
inforcements in FE analysis. This concept is based on the choice of a suitable anisotropic constitu-
tive model. The equivalent material parameters are identified by means of experiments with fabric 
composites or by the so-called unit-cell method. In the latter case, a representative volume element 
is discretised using the mechanical properties of the different materials. Numerical analyses of 
characteristic deformation states yield equivalent material parameters, which are then introduced 
into a constitutive law for a homogeneous anisotropic material used in a global FE model. In gen-
eral, this concept is restricted either to a linear constitutive behaviour, or to an orthotropic compos-
ite material. A unit-cell concept considering nonlinear material behaviour was suggested by Reese 
[9]. 
The fundamental idea of the concept used in this work is separate consideration of the matrix mate-
rial (rubber) and reinforcement (textile or wire braid). Thereby, rebar elements represent the 
braided reinforcement which is embedded in the matrix material. The stiffness of the rebar layers is 
determined by the so-called fabric lattice model. In a paper by Kato et al. [4] the stiffness of the 
textile braid was integrated analytically at the integration point level. This resulted in restrictions 
regarding consideration of nonlinearities. In this work, a fabric lattice model based on a numerical 
formulation allows the taking of many forms of nonlinear material behaviour into account. It also 
permits numerical treatment of complex geometric situations, e.g., the simulation of the crimping 
of fittings. 

2.1 Mechanical concept of fabric lattice model 
In [9] the proposed fabric lattice model is used to represent wire reinforcements. In this paper tex-
tile braids have been considered. Two rebar layers, each with stiffness in only one of the two plait-
ing directions of the braid, represent the properties of the fabric lattice in the FE analysis. Respec-
tive rebar layers are interacting. For the calculation of stiffness and stress in the rebar layers by 
means of the proposed fabric lattice model, the following topics have to be considered: 

• structural details of the textile braid and its mapping to the fabric lattice model, 
• implementation of the fabric lattice model into the global FE analysis procedure,  
• transfer of global quantities from the rebar layer to local quantities of the fabric lattice 

model, 
• analysis of the fabric lattice model by means of a local nonlinear FE procedure, and 
• back-transfer of local quantities from the fabric lattice model to global quantities of the re-

bar layer. 

2.1.1 Mapping of the textile braid to the fabric lattice model 
Details of the structure of a textile braid, shown in Figure 2a, illustrate the interaction of the fibre 
bundles. The forces acting in the fibres of one plaiting direction are influenced by the fibre forces 
in the other direction. This is reflected by notations such as Fx (Fy) in Figure 2a. 
The shaded quarter of the detail in Figure 2a is treated as a representative cell. One half of a fibre 
bundle of this representative cell is treated as a bar in the fabric lattice model, as shown in Figure 
2b. The mutual obstruction of the fibre bundles is represented by nonlinear springs between the re-
spective bars. The fabric lattice cannot carry shear forces. These forces are carried entirely by the 
surrounding rubber material. The proposed fabric lattice model is not restricted to an orthogonal ar-
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rangement of fabrics. This is important for realistic numerical simulations of high-pressure hydrau-
lic hoses, reinforced by textile braids. 
 

Fx(Fy)

Fx(Fy)

Fy(Fx)

Fx(Fy)
xFx(Fy) Fy(Fx)

Fy(Fx)
α �= 90◦

���� ������	

���
�

�����	�����
�� ����
Fy(Fx)

y

���

�a

�a
z

yx

2�b

�d

2�c

�d

���  

Figure 2.  (a) Details of the structure of a textile braid, (b) mechanical system of the fabric lattice 
model 

2.1.2 Implementation of the fabric lattice model 
Regarding the implementation of the fabric lattice model in a global FE analysis procedure, the 
model shown in Figure 2b can be reduced to the system illustrated in Figure 3. Thereby, the sym-
metry of the lattice model was utilised. Using this system, the tangent stiffness and the stresses in 
the textile braid are determined by means of a local analysis. Consideration of plastic deformations 
in the textile reinforcement and of a nonlinear spring behaviour requires an incremental-iterative 
solution algorithm for the local fabric lattice model. This local nonlinear analysis is performed at 
the integration point level of the global nonlinear FE analysis.   
 

 

Figure 3. Considered quarter of fabric lattice model 

2.1.3 Transfer from global to local quantities 
The state variables of a geometric nonlinear global FE analysis on the integration point level de-
pends on the formulation of the FE program. This paper is based on a formulation using the Cauchy 
stress tensor σ and the logarithmic strain tensor ε. The first step of the numerical simulation of the 
textile braid is the transfer of state variables from the rebar layers of the global FE analysis (ε, ∆ε, 
σ) to the corresponding quantities of the local fabric lattice model (vector of nodal displacements u, 
∆u, force vector F). In  the situation for the iteration steps i and i+1 of increment k of the global 
nonlinear FE analysis is shown. The superscript of the local quantities n and n+1, respectively, re-
fers to the increment of the fabric lattice analysis. 
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Table 1. Fabric lattice model – global and local variables 
global  local  local  global 
εk,i un nonlinear Fn+1 σk,i+1 
σk,i Fn local analysis ∆Fn+1 ∆σk,i+1 

∆εk,i 
 

∆un+1 (increm./iter) Kn+1 
 

Ck,i+1 

 
The uniaxial stress state in a rebar layer is characterized by σ ≡ σ11 = σ1. The corresponding strain 
quantities are ε ≡ ε11 = ε1, ∆ε ≡ ∆ε11 = ∆ε1, and λ1, denoting the longitudinal stretch. Hence, stan-
dard transfer relations between tensor components and the respective components of nodal dis-
placements and forces of the fabric lattice model can be used.  

2.1.4 Components of the local fabric lattice model 

(i) Material behaviour of fibres 
The components of the local fabric lattice model are bars and a nonlinear spring (Figure 3). The 
bars represent the fibres of the woven braid, made of textile materials like polyester or Kuralon®. 
The nonlinear elastic spring is used to consider the mutual obstruction of the fibre bundles. A char-
acteristic stress-strain diagram for the textile material Kuralon® is shown in Figure 4. The constitu-
tive relation for the textile materials is based on a hyperelastic formulation. The energy function 
has the form  

( ) ( ) ( )[ ]2
2

2
1

2 2
3
2

2
1 λλ lnlnGJlnGKW ++






 −= . 

(1) 

 
It was proposed in [5] and is used for determination of the constitutive law for Kuralon®. In Eq. (1) 
K and G correspond to the bulk and shear modulus, respectively. J denotes the Jacobian determi-
nant, λ1 the axial stretch and λ2 the transverse stretch of the textile fibre. This model is suitable for 
moderately large strains and provides a very good approximation of the true situation. 
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Figure 4. Bandwidth of S1 –λ1-diagrams of Kuralon® fibres 

The partial derivative of W with respect to the Green strain component in the axial direction, E1, re-
sults in the corresponding component of the Second Piola-Kirchhoff stress tensor, 
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=
∂
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= . (2) 

S1 is acting in the textile fibre. E denotes the initial elastic modulus. Equation (2) represents a linear 
relation between the Cauchy stress and the logarithmic strain. The second partial derivative of W 
with respect to E1 yields the tangential modulus 
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With Eqs. (2) and (3) the material behaviour of Kuralon® can be represented in the local FE analy-
sis of the fabric lattice model.  

(ii) Characterisation of the nonlinear spring 
For consideration of the mutual obstruction of the fibre bundles a nonlinear spring is used to con-
nect points B and E of the fabric lattice model (Figure 3). Based on the Hertzian theory [2], which 
describes the contact of two elastic bodies with curved surfaces, the stiffness of the nonlinear 
spring is evaluated. The mechanical behaviour of the nonlinear spring is defined by 

( ) ccTc wwkF =                   and                T
c

c k
w
F

=
∂
∂  , (4) 

where Fc denotes the spring force, wc stands for the displacement and kT is the tangent stiffness of 
the spring. Evaluating the equations for the interaction of two cylindrical elastic bodies [1] yields 
the relative displacement of the cylinders 

( )3
21

21
2

2221
rr
rr

E
FCw c

c
+

−= ν ,               C = 1.03421, (5) 

with r1 and r2 denoting the radii of the cylinders, and cF  standing for the force acting at a single in-

tersection point of the fibre bundles. This force is defined by )n.n/(FF fbfbcq 4= , where nfb 

denotes the number of fibres in a bundle [7]. Equation (5) is specified for a plaiting angle of 55°. In 
general, this value determines the orientation of the reinforcement of hydraulic hoses. Specification 
of Eq. (5) for two fibres with equal diameter df yields  

3
2

2

18 cffbc wEdnCF
ν−

= . (6) 

The partial derivative of Fc with respect to the displacement wc results in the tangent stiffness of the 
nonlinear spring 

cffdb
c

T wEdnC
w
Fck 2

2

116
3

ν−
=

∂
∂

= . (7) 

 (iii) Determination of ultimate load 
The maximum loading of a textile braid occurs at the contact area of two crossing fibres (Figure 
5a). The stress states in the textile fibres of these parts of a braid is characterised by a combination 
of a longitudinal tensile stress and of the transverse compressive stress. For the evaluation of this 
stress state as well as for the determination of the ultimate load state, a semi-analytical method is 
used within the local fabric lattice model [7]. 
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Figure 5. (a) contact area of two cylindrical bodies – contour plot of transverse stresses, (b) force-
displacement diagram of the nonlinear spring 
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Figure 6. (a) characteristics of the principal shear stress trajectories, (b) qt ff − -interaction 

The failure mechanism of the fibres is illustrated in Figure 6a. The cross section of the fibre is di-
vided into two parts, At and Ac. The former carries longitudinal tension and the latter transverse 
compression. Based on this assumption, the ultimate fibre force uF is defined as 

tuc
f

u fd
d

F 












−= ζ

π 2
2

4
, (8) 

where ftu denotes the uniaxial tensile strength, dc is the diameter of the contact area (Figure 6a), and 
ζ stands for the parameter representing influence of the transverse compression. The latter depends 
on the individual plastic behaviour of the respective fibre material. It is determined by numerical 
analysis at the level of the intersection point (Figure 5a). For vanishing transverse compression 
(dc = 0), the maximum ultimate fibre force yields  
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When reaching the limit load ut FmaxF = , the pressure in the contact area is assumed to be 
equal to ftu. From this, the diameter dc is obtained as 
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c
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4

= . (10) 

Inserting Eq. (10) into Eq. (8) and introducing the dimensionless quantity tf , yields 
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where tcc F/Ff =  represents the ratio of the axial force and the transverse force. Figure 6b 
shows a comparison of results from FE analysis and results obtained by Eq. (11). Thereby, ζ was 
identified by one of the FE results. Parallel to the local analysis of the fabric lattice model, the fail-
ure criterion for the fibres, 

utt FmaxfF ≤ , (12) 
was checked. 

3. Numerical Examples 
The fabric lattice model is used for the numerical simulation of (i) a representative part of a high-
pressure hydraulic hose under internal pressure, and (ii) the crimping of a hose fitting.  
Figure 7 illustrates the axisymmetric model with the boundary conditions of the considered part of 
the hose. Four rebar layers represent the two textile braid reinforcement. The axial tension force Fx 
depends on the internal pressure pi, which is increased until the bursting pressure is reached. Dur-
ing the simulation the change of the hose volume, the stress state and the change of the plaiting an-
gle of the reinforcement are observed. 
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Figure 7. FE model of a representative part of a hydraulic hose 

Figure 8a shows the fibre stresses in the two layers of textile braid, as a function of the internal 
pressure. The inner textile braid has higher stress levels. Therefore, the bursting pressure of the 
hose is determined by the strength of the inner textile braid. The change of the braid angle in con-
sequence of growing internal pressure is shown in Figure 8b. The theoretical optimum of the plait-
ing angle is °= 7454.ϑ  [8]. The value of ϑ  is a little higher when the bursting pressure is reached.  
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Figure 8. Representative part of a hose: (a) Cauchy stress of the fibres vs. internal pressure for two 
layers of textile braid, (b) change of the plaiting angle ϑ  vs. internal pressure pi 

In a more complex numerical simulation the crimping of a hose fitting and the interaction between 
the fitting, rubber, and reinforcement are investigated. An axisymmetric deformed model of a tex-
tile hose with a crimped fitting is shown in Figure 9. For the crimping process, the hose is partially 
peeled at its end. Then a cylindrical metallic ferrule is pushed over this end and a nipple is inserted 
in the hose. Thereafter the ferrule is pressed onto the hydraulic hose by means of a press die. The 
resulting axial stresses of the fibres are shown in Figure 9 in the form of a contour plot. The peaks 
of the stresses are under the ribs of the ferrule. In case of a too strong pressing process in this area 
rupture of fibres will occur. A comparison of the deformation of the structure, as obtained from the 
numerical simulation, with the respective experimental observation shows very good agreement. 
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Figure 9. Deformed FE model of the crimping of a hose fitting 
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4. Conclusions 
The objective of the presented work was to develop a realistic numerical simulation model for 
high-pressure hydraulic hoses with textile reinforcement in order to predict the deformation and 
stress response under service loads and the bursting process of such hoses. For consideration of tex-
tile woven reinforcements a local nonlinear fabric lattice model was developed. This model was 
applied to a special type of rebar layers. For the verification of the model the results from numeri-
cal analysis of a representative part of a hose under internal pressure and from simulation of the 
crimping of a hose fitting were used. Good agreement with experimental results has confirmed the 
usefulness of the proposed model for numerical investigation of textile braids. 
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1. Introduction 
 From a consideration of structural mechanics problems, in particular those regarding civil engi-
neering constructions and a considerable part of mechanical components in mechanical engineering 
supposed to behave elastically, an incontestable conclusion could be made. In particular, when ex-
ternal actions are exclusively of mechanical origin the physical framework is quite clear, and the 
mathematics describing the respective problems rather simple and easy manageable, with solutions 
obtainable in a well defined way. Also, the material constitutive behaviour being usually linear and 
constant in time, the corresponding structural responses are linear as well, i.e. proportional to the 
applied loads. But, this image should not induce us to generalize the actual situation to problems of 
continuum mechanics, especially those met in industrial environment [1-8]. Such an induction, 
when referred to manufacturing and technology processes, would definitely be most erroneous.  
 The above stated physical simplicity attributed to structural mechanics problems can be rather 
quickly abnegated even for simple structures. Constructions in nuclear and process (chemical & 
pharmaceutical) engineering, like pipelines, pressure vessels, pumps and other structural compo-
nents, are actually exposed, in addition to mechanical loads, to another source of loading, originat-
ing from experienced temperature variation with respect to the ambient temperature at which a con-
struction was installed. Direct consequence of the temperature difference being volume expansion 
it can result, in case of unhomogeneous temperature field and obstructed free dilatation, in origina-
tion of additional stresses, called thermal stresses. Though possibly thermal stresses zero, it is in-
disputable that presence of the temperature difference affects the mechanical state anyway, by giv-
ing rise to thermal strains and corresponding variation of the displacement field.  
 Of importance in the above discussion is that actions not necessarily of mechanical origin can 
contribute significantly to a development of mechanical state in a structure. A similar behaviour as 
proven in case of temperature can be attributed also to humidity, in particular with regard to wood 
and polymeric materials. But, since only metallic materials will be considered in this paper the 
temperature will remain the basic non-mechanical state variable that we focus on. In fact, beside 
the considered structural mechanics problems there is a variety of physical applications, in their es-
sence quite diverse such as heat treatment and hot metal forming, which are based exclusively upon 
established temperature variation. The problem of temperature field determination in a body of in-
terest is definitely a heat conduction problem. However, considering that from an isothermal tem-
perature field a respective variation is obtained only by applying external heat agents, the problem 
solution can rather quickly go beyond the respective physical framework. Such a case is encoun-
tered in induction heating where the principal physical mechanism generating heat is electromag-
netic induction.  
 Each of the three addressed physical problems - the mechanical, heat conduction and the elec-
tromagnetic one are per se physically rather pretty clarified and mathematically well determined, 
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irrespective of eventual complexities characterizing their description [8]. In principle, provided the 
respective boundary conditions and domain distributed actions are known in time each of the con-
sidered problems can be solved on its own. In reality, however, interdependence between individ-
ual physical phenomena always exist in physically complex problems, causing that time evolution 
of a primary field variable in one physical system cannot be determined without prior knowledge of 
a respective primary field variable in the other physical system. This characteristic, which is very 
often mutual with physical interdependence exhibited in both directions, demands for a coupled so-
lution strategy. 
 Another type of coupling, not primarily characterized by physical dissimilarity, is encountered 
when a problem domain consists of several interacting subdomains. Within the same physical 
framework, again, physical response of a subsystem can be determined only upon simultaneous 
knowledge of respective physical behaviour of those subsystems that are adjacent to a considered 
one. Which obviously demands for a coupled solution strategy, as well [8,9]. 
 Simplifications, which are rather frequently used in traditional engineering approach in order to 
reduce the complexity of physically complex, and eventually multi-domain problems, are always 
disputable. Adoption of such simplifications is namely prone to loss of physical objectivity, which 
is however not permissible for a reliable problem analysis. Indeed, while multi-physics coupling af-
fects the actions distributed over the problem domain, it is via boundary interface conditions that 
multy-domain coupling is manifested. Two study-cases, that will be considered numerically for the 
purpose of this presentation, contain all the characteristcs discussed. In the first case a workpiece is 
heated by induction, and afterwards, when a required nonuniform temperature distribution is at-
tained, it is quenched in order to obtain specific mechanical properties. In the second case induction 
is used to heat a billet to a required nearly uniform temperature distribution, bringing it thus in a 
mushy-state, which is followed by a corresponding metal forming operation. Potential industriali-
zation of the both cases is rather evident.  
 Strategies for a solution of physically coupled nonlinear problems will be considered in the pa-
per, along with the discussion on the selection of appropriate space and time discretization methods 
that will result in a computationally efficient solution. Three physical problems, the thermome-
chanical, heat conduction and the electromagnetic problem respectively, will be considered in de-
tail, and their coupling effects will be discussed upon results of the corresponding computer simu-
lations of two study-cases. 

2. Coupled field problems – Formulation & Solution  

2.1 Definition of a certain class of boundary value problems 
 For the sake of simplicity let us consider first a one domain problem that is characterized by a 
single physical phenomenon. With x denoting Cartesian coordinates xi=x,y,z of a point in space, let 
x∈Ω and x∈Γ denote respectively the domain of interest and its boundary, while u=u(x) denotes a 
primary variable of the problem which can be either scalar or vector quantity, and real or complex. 
In general, field distribution u=u(x) may change with time, therefore u=u(x,t), where t stays for the 
time variable. Time evolution of the field distribution is governed by the corresponding problem 
equation, in accordance with given initial and boundary conditions, which can be written as 

        .0;,0;,
,

0 >Γ∈=∧=Ω∈=
Ω∈=

txguBtxuu
xfuA

           (1) 

Here, u0=u0(x) is the initial field distribution at time t=0, while f=f(x,t) and g=g(x,t) are the applied 
external actions, acting within the domain Ω and on the boundary Γ, respectively. For the class of 
physical problems we are going to address A and B are differential operators of the following 
general form 
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In the formulation of the boundary condition operator B nature of the possible boundary conditions 
has been taken into account, resulting thus in the splitting of the operator B into Bu and Bq, which 
give respectively the operational structure of corresponding essential and natural boundary condi-
tions. Because of conjugacy of the primary and secondary problem variables entering the two types 
of boundary conditions the boundary Γ can be accordingly split in two parts, Γu and Γq, respec-
tively, fulfilling Γu∪Γq=Γ and Γu∩Γq=∅.  
 Coefficients aij, b, c and di are the problem constitutive parameters that depend to a great degree 
on material physical properties. The most simple case regarding the corresponding problem 
solution is undoubtedly encountered when those parameters are constant in time. However, very 
often the field distribution u=u(x) does affect the physical properties, therefore  

 ,)(pp uCC =  (3) 
where symbolics Cp is introduced to represent the whole set of the above discussed constitutive pa-
rameters. This characteristic renders the problem solution definitely nonlinear, but, in the context of 
the assumed single physical phenomenon one domain problem, with domain and boundary actions, 
f(x,t) and g(x,t) respectively, fully independent, it is still self-consistent.  
 In other words, having in view physically coupled problems we are going to address in the next 
subsection, self-consistency of a problem may be considered as equivalence to physical 
uncoupleness. Considering dependence (3) in the problem equations (1) the uncoupled problem 
may be represented symbolically in the form of 

 ,0),,(0),(0)( =∨=∨= uuuPuuPuP  (4) 
where the three forms arise with regard to the established degree of the time derivatives, that are 
active in the governing equation operator A (2). 

2.2 Where coupleness comes from?  
 In a multi-physics problem each individual physical phenomenon could be considered roughly 
in the same way as presented above. Let us consider, for the sake of simplicity, a problem that is 
characterized by two physical phenomena within a common material domain Ω, and u1=u1(x,t) and 
u2=u2(x,t) being the respective primary variables. The respective field evolutions are governed by 
the same type of equations as given by (1), provided all the appertaining quantities entering the 
definition equations (1) and (2) are supplemented by the respective indeces, i.e. 1 or 2 for the 
considered cases. Which is certainly not enough for the multi-physics problem to be considered as 
a coupled one. Then, where the coupleness comes from? 
 In the same way as in a single physical phenomenon problem the appertaining constitutive 
parameters can be affected by the respective field distribution (3), it is quite possible that in a 
physically coupled problem the constitutive parameters, determining individual physical problems, 
are affected, apart from the proper field distribution, also from the corresponding field distribution 
of the companion physical problem. Since this interaction can be exhibited, in general, in both 
directions, the following relations can be established  

 ),(,),( 12
(2)
p

(2)
p21

(1)
p

(1)
p uuCCuuCC ==    , (5) 

which definitely brings coupleness between the considered physical phenomena into force.  
 In some problems coupleness can be demonstrated also by the companion field distribution 
specifying directly the applied domain actions f(x,t), experiencing thus the following functional 
relations  
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 ),(,),( 12222111 uuffuuff ==    . (6) 
Here, the highest degree of functional dependence, including also eventual dependence of the 
proper field distribution, has been taken into account. In contrast to the established physical 
interdependence, which is manifested through the whole domain, the companion field distribution 
may affect also the applied boundary actions g(x,t). For this particular case, which can actually 
arise in a multi-domain problem, the following functional relations can be written   

 ),(,),( 12222111 uugguugg ==   . (7) 
 In analogy to the formulation (4) the coupled multi-physics problem can be formulated by 
defining the corresponding two equations sets, symbolically written as 
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Each of the particular functional relationships, i.e. P1(u1,...)=0 and P2(u2,...)=0 respectively, ex-
presses a unique condition governing the respective single physical phenomenon under considera-
tion. In particular, the relationship P1(u1,...)=0 governs the field variable u1=u1(x,t) whilst 
P2(u2,...)=0 is responsible for the field variable u2=u2(x,t).  

2.3 Strategies for solution of coupled problems  
 Solving of the complete coupled problem, as determined by functional relations (8), requires use 
of iteration techniques to couple the respective partial solutions. In the solution strategy different 
aspects, the problem is characterized with, are to be properly addressed. First, although the simplest 
case, not containing any time rates of the variables u1=u1(x,t), u2=u2(x,t), is considered, its solution 
may be required at several time/load steps in connection with an incremental continuation 
procedure if the history of the field variables is requested for timely variable boundary conditions 
and/or in order to facilitate the numerical analysis of strongly nonlinear problems. In contrast to the 
referred time-independent problems, transient processes, on the other hand, are characterized by the 
appearance of the time rates of the primary variables in the governing equations. Both the variables 
u1=u1(x,t), u2=u2(x,t) and their time rates are unknown quantities that are linked via the integration 
in time    

 ,1,2α;d,d αααα === ∫∫ tuutuu  (9) 

which is usually performed by approximation following an incremental scheme.  
 When dynamic effects are not pronounced the single step formula    

 [ ] ,ττ)(τζ)τ(ζ)1()τ(τ)(τ ∆∆++−+=∆+ wwww  (10) 
may be considered as sufficient to allow stepping of a field variable w=w(x,t) in time. Here, nota-
tion w=w(x,t) is used to represent in turn either ),(αα txuu =  or its time rate ),(αα txuu = . Provided 
the respective field values at time t=τ are known, the time integration formula allows to calculate 
the corresponding values at time t=τ+∆τ. Regarding the selected magnitude of the collocation 
parameter ζ which can take the value within the range 0≤ζ≤1 either explicit (ζ=0) or implicit (ζ≠0) 
time integration scheme is obtainable.  
 In contrast to the time integration formula (10), where time rate ),( txww =  does not enter in the 
scheme, there exist for the solution of dynamically characterized problems a series of integration 
schemes, either explicit or implicit. From the computational point of view explicit methods are 
particularly attractive since they require, in principle, less computational work. Here, we will make 
use of a modified constant acceleration method with ),( txww =  assumed constant during time 
interval [τ,τ+∆τ], and having the magnitude as determined at the start of the considered time 
interval. In consequence, the corresponding values of integrated fields ),( txw  and ),( txw  at the end 
of the considered time interval can be found in accordance with   
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 The just discussed time/load integration aspect of the problem solution deals with the time 
dimension, covering thus the history of the respective field variables. The considered time 
integration algorithms are general, and can be used in the solution of uncoupled as well as coupled 
problems. The second aspect is however specific for coupled problems. It actually deals with the 
issue of achieving a physically consistent coupled solution that will provide each individual partial 
solution to be in agreement with the appertaining governing equations, and at the same time taking 
full account of the impact the companion field evolution exerts on it.  
 In conjunction with the suitable approximate time integration scheme, (10) or (11), the 
governing equations (8) provide a system for the field computation of either the state variables or 
their time rates at each time instant, in the sequel denoted by v1=v1(x,t), v2=v2(x,t) for convenience. 
In this context, the essential problem is considered to be the solution of a system of equations    

 ,0),(,0),( 122211 == vvFvvF  (12) 
at distinct time instants during the course of an incremental continuation procedure. At this stage, 
analytical field solution of the considered system being not feasible, let us transform the problem 
(12) into a corresponding discretized matrix form    

 .),(,),( 122211 0F0F == VVVV  (13) 
The introduced vectors V1 and V2 represent the finite sets that are assembled from the respective 
nodal values at discrete points of the domain Ω, used for the spatial approximation of v1=v1(x,t), 
v2=v2(x,t) fields at considered time instant. Correspondingly, the coupled problem formulation (13) 
represents actually two systems of linear equations for the unknowns V1 and V2, respectively. The 
coupleness between the two systems is manifested implicitly since impact of the companion field 
distribution, e.g. V2 in the equations set F1(V1,V2)=0 for the unknowns V1, is entering the system 
coefficients of the equations set F1(V1,V2)=0. This characteristic complicates the systems solution 
by rendering it nonlinear and requiring an iterative procedure.  
 Considering the way how coupleness is manifested it proves advantageous to handle each of the 
equations set in (13) individually. A feasible technique involves then the consecutive solution of 
(13), applying an adequate iteration procedure with one of the sets of unknowns V1 and V2 assumed 
temporary fixed. Among different ways of how performing the required iteration loop in order to 
reach the coupled solution at considered time instant, two of them, respectively Jacobi iteration and 
Gauss-Seidel iteration procedure, are rather familiar and easy to implement.  
 If in the i-th cycle of the iteration loop estimate V i is supposed to be known, then V i+1 is a new 
estimate. Seeing that in Jacobi iteration, applied to the solution of (13)    
 0F0F == ++ ),(,),( i
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22
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2
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11 VVVV , (14) 
the considered systems of equations are actually uncoupled with respect to the temporary un-
knowns 1i

2
1i

1 , ++ VV , the respective systems solutions within an iteration cycle may be treated also 
concurrently. On the contrary, in Gauss-Seidel iteration, when applied to the solution of (13)    
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the iteration solution procedure must be performed consecutively. The iteration namely starts with 
an estimate to one of the sets of unknowns, say i

2V . The first equation in (15) is then solved for the 
other set of unknowns, 1i

1
+V , and this updated information is used in the second equation to provide 

the new estimate 1i
2

+V . 



 
 

26

3. Physical & Mathematical description of considered physically coupled problems 

3.1 Description of Electromagnetic-Thermal-Mechanical coupling 
 Beside cutting processes, heat treatment and metal forming are among the most frequently en-
countered processes in materials processing technologies. Both are characterized by the presence of 
different physical phenomena which contribute decisively by their coupling to the resulting me-
chanical/metallurgical state of a manufactured product. In the sequel, we will consider such proc-
esses in which electromagnetic – thermal – mechanical coupling is established. 
 In heat treatment both the chemical composition and a kind of heat treatment, that a workpiece 
is subjected to, allows for a great variety of properties to be obtained. Since kinetics of structural 
changes in a material of a specified chemical composition is exclusively conditioned with a time 
variation of the temperature field it is of fundamental importance in any heat treatment process to 
achieve controlled heating and cooling. The temperature field time variation, though generating 
structural changes in a direct and independent way, depends itself on the external factors above all. 
On one side it is the energy entering the system, and on the other side it is the heat leaving the sys-
tem that determine the heat transfer. The major trouble of such a thermal analysis consists in the 
field determination of the energy sources and the corresponding time variation in the heating phase, 
while in the cooling phase it consists in the identification of real boundary conditions, taking the 
amount of heat leaving the system properly into account. When electromagnetic induction is used 
for heating, strong coupleness between the thermal and electromagnetic phenomena is proven. On 
the other hand, the imposed cooling rate gives rise to significant changes of the metallurgical/ me-
chanical state, which is characterized by quite similar intensity of coupleness between the thermal 
and mechanical phenomena. 
 In hot metal forming pretty the same physical phenomena can be evidenced, but with rather dif-
ferent degree of coupleness proven. In order to bring a workpiece to a desired temperature distribu-
tion again electromagnetic induction can be applied, while in the metal forming phase the heated 
workpiece is exposed to a considerable change of its initial geometry. In contrast to the established 
strong electromagnetic – thermal coupling, coupleness between the mechanical and thermal phe-
nomena may not be so intensive. Of course, in connection with the irreversible plastic work heat 
may be generated, the amount of it and its impact on the temperature field distribution being de-
pendent on a great number of factors, that will not be considered here.   
 In order to distinguish in the following mathematical descriptions the dimensional structure of a 
considered quantity let us introduce in the sequel the following convention: scalar, vector and ten-
sor variables will be denoted respectively by italic, italic bold and simple bold notations, e.g. a, A 
for scalars, a, A for vectors and a, A for tensors.   

3.2 Description of electromagnetic eddy current problem  
 In an electromagnetic field (emf) problem with a relatively slow time variation, i.e. σ << ω ε , 
where σ and ε are respectively the electrical conductivity and permitivity, and ω is the source fre-
quency, the conducting currents dominate the problem, therefore, the displacement currents can be 
neglected. In consequence, the steady-state approximation may be used which simplifies the prob-
lem considerably [10]. Maxwell's equations, which govern the emf distribution, read for the con-
sidered case as follows  

 ,0 div, curl, curl =
∂
∂

−== BBEJH
t

 (16) 

with H, E being vectors of magnetic and electric strength, B being vector of magnetic flux density, 
and J being vector of the conduction current density. These quantities are further related by the fol-
lowing constitutive relationships  
 ,, eddysource EJJJHB σµ =+==  (17) 
with µ being the magnetic permeability, and Jsource , Jeddy being respectively the source and eddy 
current densities.  
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 In order to give a complete mathematical description of the emf problem, in which a workpiece 
that is made of an electrically conducting material is passed in an induction heating process through 
coils carrying an alternating electric current, the whole space domain must be considered. Accord-
ingly, the infinite domain Ω  in which the emf exists can be decomposed in three non-overlapping 
subdomains Ωα ; α ∈ {I,W,A} with indices I,W,A referring to the corresponding domains, occu-
pied respectively by the inductor, the workpiece and the air. The physical consistency of the emf, 
which exists in all three subdomains Ωα ; α ∈ {I,W,A}, is achieved, apart from obeying the gov-
erning domain equations (16) and (17), by fulfilment of the corresponding continuity relations at 
the boundaries Γα ; α ∈ {I,W}. At these boundaries, which are actually common interfaces to the 
adjacent electrically nonconductive air domain, the continuity of the normal component of mag-
netic flux density and the tangential component of magnetic field intensity is implied     
 ( ) ( ) { } ,WI,α;,0 αAααAα ∈=×−=⋅− 0nHHnBB  (18) 
where vector nα is exterior normal to the boundary Γα ; α ∈ {I,W}. The behaviour of the emf at in-
finity is characterized by    

 .as 222
A ∞→++=→ zyxx0B  (19) 

The magnetic flux being divergence free it can be expressed in terms of a vector magnetic potential 
A which is itself, according to the Coulomb gauge, divergence free  
 .0 div, curl == AAB  (20) 
In consequence, a solution to the stated emf problem (16)-(19) can be found by the corresponding 
transformation of the governing equations. By assuming linear and isotropic materials with con-
stant permeability the transformation yields  

 ,, eddysource tt ∂
∂

−=−=
∂
∂

−∆
AJJAA σµµσ  (21) 

with associated interface and boundary conditions in terms of the vector potential A. Here, potential 
A takes the role of the mathematically defined primary variable, instead of H or E, the magnetic 
and electric strength respectively, which are actually the physical primary variables of the problem.  
 If the applied source potential is assumed harmonic in time all the associated field quantities are 
time harmonic functions as well. Their distribution therefore depends only on the position and 
phase delay at each point in space, which can be mathematically managed in a simple way by in-
troducing complex notation. The time variation of the potential A(x,t) at any point P(x) can be ob-
tained as the real part of a corresponding complex function  
 ,)]exp(j)(ˆRe[))(cos()(),( 00 ttt ωϕω xAxxAxA =+=  (22) 

where the introduced complex magnetic vector potential )(0 xÂ  includes the information about the 
field amplitude and its time delay with respect to the imposed source excitation.   
 With respect to the introduced complex framework all physical quantities associated with the 
emf problem, which were considered above as real vector functions, can be understood from now 
on as complex functions. Their behaviour is still determined by the same system of equations, 
which however has now to be treated as a system of complex equations.   
 The emf, produced by the current-carrying coils, induces eddy currents in the workpiece, which 
is in consequence heated resistively by the Joule effect. The electric power qv, induced in a unit 
volume of a workpiece by eddy currents, is proportional to the intensity of the actual emf, and its 
effective value, when expressed in terms of the vector potential )(0 xÂ , is as follows   

 .)(
2

2
0

2

V xÂq σω
=  (23) 

This electric power acts as an imposed heat source in the associated thermal problem within the 
subdomain ΩW, and is actually the key driving force.  
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3.3 Description of heat conduction thermal problem 
 Heat transfer in a continuum, that occupies an isotropic material domain Ω and is exposed to 
volume distributed heat source qV and eventual boundary heat flux qS, is governed by thermody-
namic equilibrium. With ρ c and k being respectively the thermal capacity and thermal conductiv-
ity, the corresponding temperature field T(x,t) in the body is then subject to time variation in accor-
dance with the heat conduction equation 

 ,  )  grad   ( div VqTk
t
Tc +=

∂
∂ρ  (24) 

and associated initial and boundary conditions  
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 (25) 
Here, it has been assumed that on the part ΓT of the boundary Γ essential boundary conditions with 
prescribed temperature variation T* are given, whilst on the remaining part Γq natural boundary 
conditions, i.e. convection and radiation heat fluxes q*, are known.  
 The key driving force for the temperature field evolution, temperature T being the primary vari-
able of the problem, is the application of external agents qV and qS. Considering the induction heat-
ing and subsequent rapid cooling, that will be addressed in the context of heat treatment process in-
vestigation, the intensities of those actions are provided by knowledge of respective companion 
physical processes, namely, electromagnetic induction on one hand and heat exchange between the 
workpiece and a quenchant on the other hand. In this regard heat source intensity, as determined by 
(23), will be taken into account. Also, it is worth mentioning that in contrast to the emf analysis, 
where the whole space domain composed of three material subdomains had to be fully taken into 
consideration, the thermal analysis can be performed just by considering a subdomain that is occu-
pied by the workpiece.  

3.4 Description of elastoplasticity & viscoplasticity contact mechanics problem 
 Mechanical response of a deformable continuum, occupying an isotropic elasto-plastic material 
domain Ω and being exposed to volume and surface distributed forces,  f  and  p* respectively, and 
to eventual variation of the initially isothermal state T0, is governed by the set of equilibrium, de-
formation and constitutive equations  
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 (26) 

where u is the displacement vector, and ε and σ are respectively the strain and stress tensor. Mate-
rial properties E, υ  and α are in turn Young's modulus, Poisson's ratio and coefficient of thermal 
expansion. The fourth order tensor H is actually the stress-strain constitutive tensor which is com-
posed in case of pure elastic response from the elastic coefficients E and υ , whilst in case of inelas-
tic response it is enlarged by incorporation of parameters characterizing such behaviour, e.g. hard-
ening modulus H. Finally, δ is the Kronecker tensor. 
 Physical consistency of the mechanical response is achieved, in addition to (26), by fulfilment 
of corresponding initial and boundary conditions, which read for the assumed initially stress-strain 
free mechanical state as follows  
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Here, it has been assumed that on the part Γu of the boundary Γ essential boundary conditions with 
prescribed displacements are given, whilst on the remaining part Γσ natural boundary conditions, 
expressed in terms of applied tractions, are known.  
 Since displacement field u(x,t) acts as the primary variable of the mechanical problem, the set 
of governing equations (26) can be adequately reduced. By considering the decomposition of the 
strain tensor ε  into elastic and inelastic part, pe εεε += , and assuming material properties con-
stant this reduction yields vector equation governing time evolution of the displacement field.  

 .div 2  )grad(  )3(2 )grad(div )(  )div(grad p
0 0fuu =+−−+−++ εµαλµµλµ TT

 (28) 
The above equation introduces, in regard to the Navier-Lame equilibrium equation, a modification 
due to presence of the inelastic response.  
 The key driving force for the variation of mechanical quantities in the above stated heat treat-
ment process investigation will definitely be thermal expansion, in fact, its unhomogeneous and 
possibly abrupt distribution through the body. Therefore, occurrence of plastic deformation at least 
in a part of the body is rather expected. In order to enable, at any stage of the process evolution, 
proper identification of the respective material response, i.e. either elastic or inelastic, in the consti-
tutive equation of (26) the thermomechanical state function F, referred also as a yield function, is 
introduced in accordance with  
 .),()(),,( ppp εε TKfTF −−=− ασασ  (29) 
The defined yield function depends directly on the actual state of stress σ and accumulated plastic 
strain pε , and indirectly on temperature T and eventual nonisotropic hardening, expressed by the so 
called back stress tensor α . As indicated, temperature affects the yield parameter Kp which is defi-
nitely of great importance. Yield function F is actually an uniaxial equivalent for the corresponding 
characterization of the otherwise spatial stress state. Accordingly, the loading function )( ασ −f  is 
the corresponding mapping to uniaxial stress representation and yield parameter Kp becomes uniax-
ial yield stress.  
 With respect to (29), where only non-positive values of the yield function F are admissible by 
definition, i.e. F≤0, characterization of the current material response that corresponds to eventual 
change of the applied loads can be uniquely determined. Accordingly, the mechanical states, prov-
ing at some level of loading F<0, are characterized by elastic response, irrespective of either load-
ing or unloading is applied. If hardening materials are considered, which means ∂K/∂εp>0, then oc-
currence of plastic deformation is conditioned by the stress state corresponding to F=0 and stress 
change, associated with the given change of the applied loads, corresponding to dF=0.  
 In order to describe properly conditions met in metal forming processes the above description of 
boundary conditions should be enlarged. Because in metal forming a change of initial workpiece 
geometry is imposed by direct action of tooling, i.e. punch and die, on the formed workpiece, the 
considered mechanical problem actually belongs to a class of contact mechanics problems. Accord-
ingly, the usual division of the boundary Γ should be correspondingly enlarged by taking contact 
conditions at the common interface, say Γc, between the contacting bodies into account. This 
enlargement yields Γu∪Γσ∪Γc=Γ, by fulfilling simultaneously Γu∩Γσ=Γu∩Γc=Γσ∩Γc=∅.  
 In contrast to essential and natural boundary conditions that are defined explicitly, at the contact 
boundary Γc none of the problem variables are given explicitly. Since at that boundary stress-
displacement compatibility between the variables of the respective bodies in contact must be re-
spected, this relationship is established implicitly by considering coupling with the contacting 
body. This compatibility namely implies that kinematic and stress variables at material points on 
the adjacent surfaces follow the non-penetrability condition, kinematic stick-slip relations accord-
ing to the actual frictional law, and contact stresses continuity [11].  
 If the two bodies in contact are denoted respectively by A (x∈Ω A) and B (x∈Ω B), and their 
common boundary by Γc=ΓA∩ΓB, then the compatibility of respective contact stresses  (α=A,B) is 
imposed by  
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 ,,.; cαααBA Γ∈==+ xnp0pp σ  (30) 
while consistency of the contact status poses additional constraints on the contact tractions   
 ,,),(0. cαααααααα Γ∈≤−=∧≤= xnpnp σµστσ P  (31) 

where σα and τα are respectively the normal and tangential component of the traction vector pα. 
The constraint posed on τα establishes actually its relation with respect to frictional resistance 
P(µ,σα), with µ being coefficient of friction.  
 Kinematic compatibility of the contacting points xA= xB, which occupy at a given stage of load-
ing the same position, is directly related to the actually established relationship of τα in (31). By an 
additional loading established inequality in the considered relationship imposes equality of dis-
placements, while established equality imposes equality of displacements in the direction normal to 
the actual contact area, which can be formulated as follows   
 .,dd;dd dd cAα

n
α

n
B

n
ABA Γ∈==∨= xnuuu .uuu  (32) 

 In principle, a solution to the contact problem can be then achieved by coupling the two single 
domain solutions, provided compatibility (30)-(32) of the two mechanical states is respected. 
 Another type of mechanical problem can be formulated with respect to hot metal forming, 
where elastic deformation is negligible and viscoplastic response dominates. In principle, govern-
ing equations (26) are fully applicable, provided that the stress and strain tensor, σ  and ε , are sub-
stituted by their deviatoric parts, s and e respectively, and rate form of the respective equations is 
considered. The constitutive equation in (26) is adequately substituted by a corresponding vis-
coplastic one [12]. Often, the Norton-Hoff law in the form of  
 es 1-m

vp )3(2 eK=  (33) 
is successfully applied. The physical parameters K and m are respectively the consistency of the 
material and the rate sensitivity index, while evp is the equivalent strain rate, similar to the previ-
ously mentioned equivalent plastic strain εp. Their respective definitions are 

 .:
3
2;d:

3
2

vp
pp

p eeεε == ∫ etε  (34) 

 In the viscoplastic problem, as well as in elastoplastic one, material incompressibility is as-
sumed with regard to inelastic deformation, yielding  
 ,0div;0dtr p == uε  (35) 
where tr stays for the trace of differential of plastic strain tensor εp. The time evolution of the veloc-
ity field v(x,t) or equivalently ),( txε , the strain rate tensor eε =  is namely primary variable of the 
viscoplastic problem, is then obtained by considering, along with the considered domain governing 
equations, the respective rate forms of initial, boundary and contact conditions.  

3.5 Governing equations for axisymmetric case  
 In cases with cylindrical symmetry the problem quantities are invariant with respect to the 
circumferential direction, the property that affects also the structure of the involved non-scalar 
physical quantities. Several components of the vector primary variables, such as displacement 
component uφ in the mechanical problem, and magnetic and electric strength components Hφ, Er 
and Ez, respectively, in the electromagnetic problem are null by definition. From the computational 
point of view the most significant consequence of cylindrical symmetry is evidenced in the elec-
tromagnetic problem, because of the corresponding transformation of a rather complex vector prob-
lem to easy manageable scalar problem. On the other hand, the governing equations of the remain-
ing two physical problems preserve their form.  
 To enable further mathematical manipulations with respect to the new framework a cylindrical 
coordinate system (r,θ, z) with er, eθ, ez as unit basis vectors will be used. Regarding the emf prob-
lem, it can be stated that the current density ),,( tzrĴ  of the form  

 θθ00 ),(),(,)exp(j),(),,( eJJJ zrĴzrˆtzrˆtzrˆ == ω  (36) 
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gives rise to the emf the structure of which is on the contrary rotationally planar   
 ,),(),(),(,)exp(j),(),,( zzrr00 eeHHH zrĤzrĤzrˆtzrˆtzrˆ +== ω  (37) 

while the corresponding magnetic potential ),,( tzrÂ  is circumferential   

 .),(),(,)exp(j),(),,( θθ00 eAAA zrÂzrˆtzrˆtzrˆ == ω  (38) 
 The considered emf problem can be thus expressed in terms of a single complex scalar function 

),(θ zrÂ , which on the central axis always vanishes due to cylindrical symmetry of the problem. By 

setting ),(),(θ zrAzrÂ ≡  , ),(),(θ zrJzrĴ ≡  for brevity, and considering the above functional struc-
ture the governing differential equation (21) reduces to   

 ( ) ( ) ,j1,,,0,, source2sourcesource JA
r

JAgJAgA µµωσσσ −





 +==−∆  (39) 

the solution of which yields, by fulfilment of the associated continuity conditions   
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the space distribution and time variation of the vector magnetic potential ),,( tzrÂ .   
 Contrary to the vector quantities characterizing the emf problem, in the thermal problem the 
temperature field T(r,z,t) is a scalar field whose initial value is specified by the initial conditions. 
The time evolution of the temperature field is determined by the governing domain equation (24) 
and specified boundary conditions (25). In case that material properties are assumed constant the 
transformation of (24) yields  

 .V
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 (41) 

This equation can be further transformed to the same form as obtained for the emf problem. In fact, 
from the numerical viewpoint any approximation of the considered field time derivative will be re-
alized by an adequate combination of the corresponding field values T*(r,z)=T(r,z,t*) computed at 
previous time instant, i.e. at time t*, and unknown field values T(r,z,t) at the actual time t consid-
ered. For the explicit time scheme the following equation is obtained   
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the solution of which yields, by fulfilment of the associated boundary conditions the space distribu-
tion and time variation of the temperature field T(r,z,t). 
 Similar conclusions can be made with respect to the governing equation of mechanical problem. 
For the two non-zero components of the displacement vector, ur and uz, equation (28) can be writ-
ten in the componental scalar form  

 { } ,,α,0div 2  )grad(  )3(2 )grad(div )(1
α

p
0α zrTTu ==+−−+−++∆ fu εµαλµµλ

µ
 (43) 
where notation {...}α is used to denote the corresponding vectorial component. Also those equations 
can be further transformed to the above obtained forms, (39) and (42). Symbolically, we obtain  
 ( ) ,,α,0,, αααα zrufugu * ==−∆  (44) 

where in the term *uα  the respective contributions of the displacement component adjacent to αu , 
temperature T and plastic strain εp are assembled. The above equations yield, by fulfilment of the 
associated  boundary  conditions  the  space  distribution  and  time  variation  of  the  displacement 
field u(r,z,t).  
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4. Finite element & Boundary element numerical implementation  

4.1 Integral variational formulations 
 In view of an approximative solution of the governing equations, respectively equation (39) in 
the emf problem, equation (42) in the thermal problem and equations (44) in the mechanical prob-
lem, the problem can be mathematically reformulated. Taking advantage of formally identic struc-
ture, and introducing instead of Α(r,z), Τ(r,z,t) and uα(r,z,t) a generalized variable u(r,z), the follow-
ing integral equation  

 [ ] ,0d*),,( V∫
Ω

=Ω−∆ vwfugu  (45) 

can be obtained, its equivalence with the above stated governing equations being established on the 
basis of arbitrary selection of admissible function v(r,z). The function g(u,fv,w*) represents the cor-
responding g-terms in the respective governing equations. By applying Green's theorems the above 
equation can be further reformulated to yield respectively a weak  

 ,0d*),,(dd V∫ ∫∫
Ω ΩΓ

=Ω−Γ
∂
∂

+Ω∇∇− vwfuguvvu
n

 (46) 

and inverse variational form of the basic integral formulation   
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 (47) 

These two integral equations are fundamental equations for the finite element (FEM) and boundary 
element (BEM) methodologies that will be applied in the approximative solution of the problem. 
 To allow general treatment of the both approximation approaches we take again the generalized 
variable u(r, z) as our primary variable, which will be in accordance to the applied approach ade-
quately discretized. 

4.2 Finite element approximation  
 Field approximation of the generalized variable u(r,z) in the finite element domain ΩF=∑Ωe is 
based on the respective nodal values F

kU  and corresponding local polynomial approximation within 
each finite element Ωe  
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 In order to obtain the corresponding FEM discrete formulation of the considered physical prob-
lems we subject, considering the specified approximation (48), the weak variational formulation 
(46) to the application of a finite series of test functions  that are associated to 
the given FE discretization nodes. The result of the test functions application is a corresponding 
system of linear equations with F

kU  as unknowns. Its matrix structure, where internal domain nodal 
quantitities are separated from the contour ones for convenience, regarding subsequent coupling 
with the corresponding BE set of equations when considering a multi-domain problem, is as fol-
lows   
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In a single domain problem this system is solved by considering the corresponding essential and 
boundary conditions.   
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4.3 Boundary element approximation  
 Alternatively, the field approximation of the generalized variable u(r,z) can be performed exclu-
sively upon respective approximation of its boundary distribution. Then, the approximation of the 
primary variable u(r,z) on the domain's boundary ΓB=∑Γe is based on the respective nodal values 

B
kU  and corresponding local polynomial approximation along each boundary element Γe  
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In addition, in the BE approach also normal derivative must be approximated on the boundary. This 
approximation is based on the respective nodal values and corresponding local polynomial ap-
proximation along each boundary element Γe 
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 In order to obtain the corresponding BEM discrete formulation of the considered physical prob-
lems we subject, considering the specified approximations (50) and (51), the inverse variational 
formulation (47) to the application of a finite series of test functions 
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kk zzrrvgvvvzrv −−−=−∆∈∈ δ  that are associated to the given BE discre-

tization nodes. The result of the test functions application is a corresponding system of linear equa-
tions with B

kU  and B
kQ  as unknowns, which reads 
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In a single domain problem this system is solved by considering the corresponding essential and 
boundary conditions. 

4.4 Coupled Finite element & Boundary element approximation  
 Coming back to our particular case of modelling the considered emf problem there are two ma-
jor reasons to use mixed FE-BE approach in a numerical solution to the considered multi-domain 
problem [10]. The domain of a workpiece could experience significant nonlinear material behav-
iour, while the surrounding air domain, which is in principle infinite, is characterized by constant 
physical parameters. In addition, the relative position between the inductor and a workpiece is con-
tinuously changing during the induction process. In respective local reference frames the physical 
components, i.e. the coil and the heated piece, can be discretized through volume uniquely by finite 
elements, their varying relative position in the absolute reference frame not affecting the finite ele-
ment structure within the local domain. On the contrary, as a linear domain problem can be always 
transformed to a boundary problem, the respective air domain can be considered in an associated 
absolute reference frame just by a corresponding discretization of its boundary. Due to the estab-
lished behaviour of emf at infinity the only boundaries to be considered are those appertaining to 
the coil and the piece. Modelling of an infinite domain is so avoided in an elegant manner, but the 
greatest advantage to use boundary elements is certainly a facilitated management of the bounda-
ries space variation which can be done solely by considering it locally, i.e. within the air subdo-
main. Therefore, no finite element remeshing is needed.   
 In accordance to the most appropriate discretization methodology applied the investigated 
multi-domain problem can be solved by finding a solution of individual subdomain problems in 
terms of nodal domain/boundary values of the respective physical variables, the physical consis-
tency of the overall solution being ensured by imposing the continuity conditions (40) across the 
subdomain interfaces.   
 In principle, in a multi-domain problem two uncoupled systems of equations, regardless of 
whether FEM or BEM is used, can be built upon given discretization. Because of existing interdo-
main coupleness their physically consistent solution is however attained only by simultaneous con-
sideration of the corresponding interface continuity conditions. In view of direct application to the 
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particular induction heating problem, we are considering, the coupling of a FEM discretized do-
main with a BEM discretized domain is of interest. Accordingly, the respective FEM and BEM 
systems of equations, as determined by (49) and (52)  
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are to be solved simultaneously. Here, reference is made directly to the considered emf problem, 
therefore, 0F =Ω B

C . The fulfilment of the continuity conditions (40) imposes coupling of the two 
systems, which is established in discretized form by corresponding connectivity matrices Cα   
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The solution of the resulting coupled system of equations   
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yields nodal values of the magnetic vector potential A (U=A) upon which the heat generation over 
the volume of the workpiece can be computed.  

5. Numerical simulation of physically coupled study cases  

5.1 Case 1 – Induction heating – quenching simulation 

Figure 1: Numerical model of induction heating - quenching set-  
 In the induction heating – quenching set-up (Fig. 1), where induction heating is followed by 
immediate quenching, the high frequency electric source (ω=400kHz) with the effective current 
variation, as shown in Fig. 2a, is applied for 70s on a moving copper coil ( σ=60.106 (Ωm)-1, µr=1) 
which encloses a workpiece of initial temperature 220C, the latter having the Curie point at tem-
perature 7680C. The coil displacement in the axial direction is realized according to the given ve-
locity profile (Fig. 2a). Because of large variation of the temperature field due to the induced emf 
the physical properties are considered as temperature dependent, and when actual also magnetic 
field dependent (Fig. 2b).  
 In the thermal part of computation thermal convection and radiation is taken into account, with 
convection heat transfer coefficient being 10W/m2K on the workpiece surface exposed to heating. 
Quenching of the workpiece, which is applied immediately after passing of the inductor, is per-
formed corresponding to two different intensities of cooling, the respective heat transfer coeffi-
cients being 10W/m2K (quenching on air) and 1000W/m2K (quenching by water). Emissivity coef-
ficient of the workpiece is taken as 0.92.  
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Figure 2: Time variation of induction heating process parameters & Temperature
dependence of material properties 

 
In the mechanical part thermo-elasto-plastic material response with linear temperature independent 
hardening ( MPa32333=H ), and constant Young's modulus and Poisson's ratio, their values being 
respectively 210000MPa and 0.3, is assumed. The yield stress and coefficient of thermal expansion 
are taken, however, as temperature dependent, obeying functional relations   
 
 
 
 
where dimensionless temperature parameter T~  stays for 210−= .TT~ , and temperature T is to be 
taken in 0C. 
 In the actual numerical model (Fig. 1) a triangular FE discretization of the workpiece domain 
with a quadratic field approximation for the primary variable has been used in the electro-magnetic, 
thermal and mechanical analysises. In electro-magnetic analysis the inductor and air domain is 
taken into account, too. For discretization of the inductor domain we used the same FE as for the 
workpiece domain, while the air domain has been discretizated by BE with a quadratic function ap-
proximation, coinciding in nodes with boundary edges of the workpiece and inductor. For the ap-
proximation of the BE normal derivative on the boundary a sectionally constant approximation has 
been assumed.  

Figure 3: Heat source time evolution Figure 4: Temperature time evolution 
 From the displayed computed results in Figs 3-4, showing the time evolution of the generated 
heat source and the corresponding temperature variation across the workpiece's cross-section be-
neath the coil during first 15s, that is when the coil is fixed, the impact of several parameters affect-



 
 

36

ing the magnetic induction can be clearly revealed, despite the fact that high source frequency 
causes sharp localization of the emf near the surface. Most evident is certainly the passing beyond 
the Curie point with abrupt change in the magnetic permeability, in consequence of which the emf 
spreads from a very thin surface layer (about 0.05mm) with large heat source intensity into interior 
of the workpiece (to the depth of about 0.5mm), which is characterized by a significant decrease of 
the generated heat (Fig. 3). This behaviour is directly reflected in the evolution of the temperature 
field as it can be seen from the corresponding plots in Fig. 4.  

Figure 5: Temperature time evolution

 

Figure 6: Temperature radial 
distribution 

 Later on, with the coil in movement, the above behaviour is not manifested so abundantly. 
There are several reasons for a remarkable decrease of the intensity of generated heat source on the 
surface (Fig. 5), all of them being a consequence of mutual interacting effects. First, there is a sig-
nificant impact of the temperature field variation, established in the part of the workpiece in front 
of the inductor, on the electric conductivity, and in consequence on the induced eddy currents. 
Also, much broader region is affected by exceeding of the Curie temperature, diminuishing thus the 
intensity of the electromagnetic field at the surface. Finally, because of shorter exposure time of the 
surface points to the high emf less heat is generated by induced electric power, and consequently a 
smaller temperature variation is realized. The basis for the aforementioned discussion can be re-
vealed by a careful inspection of the temperature time evolution (in case of air cooling) in a work-
piece's cross-section in Fig. 5, taken in a position that corresponds to passing of the coil at time 34s. 
Since influence of end effects on the emf response can be excluded, this position can be considered 
as a characteristic one. Therefore, this evolution is similar for all the cross-sections coming under 
the coil during its movement along the workpiece. From Figs 5-6 it is evident that cross-section 
points close to the surface temperature are subject to much faster change than those in the interior. 
Temperature time evolution is actually affected by the nature of the considered process which con-
sists of two phases, the heating one with the coil moving toward and over the observed  cross-
section, and the cooling one, when the coil is moving away from the observed cross-section. Direct 
impact of the both is most evidenced just at the surface. Characteristic for the first phase is a rapid 
increase of the surface temperature, while in the second phase the respective temperature decrease 
can be regulated by a corresponding cooling rate. Fig. 7 displays a comparison of the temperature 
time evolution for two cases, when, the coil being removed from the observed cross-section, the 
workpiece is chilled by air or water, the considered cases clearly demonstrating strong dependence 
of temperature on the cooling intensity.  
 In quenching processes the most important goal is to obtain a proper mechanical state in a 
workpiece. Influence of temperature time evolution on the stress-strain field in the workpiece after 
quenching can be seen from Figs 8-9. Although the accumulated equivalent plastic strain in case of 
water quenching is higher than in air quenching, the resulted residual stresses are smaller. Smaller 
residual stresses are the result of more intensive cooling, where, in contrast to air quenching, addi-
tional plastic deformation occures with opposite sign of deformation than in the heating phase. 
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Figure 8: Equivalent plastic strain 

Figure 9: Residual stresses due to 
different cooling rates 

Figure 7: Temperature time
evolution in dependence of cooling
intensity

5.2 Case 2 – Induction heating – forging simulation  
 Induction heating is used also in connection with metal forming. In order to facilitate the form-
ing operation a workpiece is often preheated to a desired temperature, thus diminuishing considera-
bly its resistance to forming. In the considered case a workpiece of initial temperature 200C, its Cu-
rie point being at temperature 7680C, is heated by means of the low frequency electric source 
(ω=60Hz), applied on a fixed copper inductor that consists of 164 coil turns (σ=60.106 (Ωm)-1, 
µr=1). The respective effective current time variation is shown in Fig. 11. Same material properties 
are assumed as in the previous case with temperature and magnetic field dependence taken fully 
into account, since the experienced variation of the temperature field is even greater. 
 Due to thermal insulation of the workpiece during heating no thermal convection and radiation 
at the workpiece's surface is taken into account in thermal part of computation. 
 

Figure 10: Numerical model 
Figure 11: Time variation of the effective electric current 
and temperature time evolution in the workpiece 

 Because uniform temperature field, obtained in the workpiece before forging is high enough to 
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ensure a semi-solid material state, the visco-plastic material response according to Norton-Hoff's 
law ( 10sPa1 m .m,K == ) is assumed. Since presence of mushy state essentially reduces the fric-
tion between the workpiece and the forging tool, a friction free contact is considered. Also, no tem-
perature variation in the workpiece during forging is considered, due to short duration (Fig. 12). 
 The same combined FE – BE discretization, as used in case 1, has been applied in computer 
simulation of induction heating of the workpiece and subsequent forging (Fig. 10). Also, in order to 
reduce the computational time, the inductor domain has been divided in 32 subdomains. 
 Advantage of induction heating with low frequency electric source is that emf spreads into inte-
rior of the workpiece, thus generating heat through the whole domain. This behaviour is reflected 
in more homogeneous temperature field evolution, with temperature difference between the work-
piece's surface and its interior being not so large, as when using a high frequency electric source. 
As evident from Fig. 11 an optimal time variation of the electric current resulting in efficient heat-
ing can be obtained, based exclusively on the corresponding computer simulation of induction heat-
ing. In the considered case we succeeded to heat the workpiece to the domain uniform temperature 
1390oC±10oC in 20 minutes.  
 The subsequent forging is decisevely characterized by the strain rate distribution which, due to 
its direct relation with the stresses, determines actually the resistance to forming. Such a strain rate 
field distribution, taken at a position near the end of forging, is displayed in Fig. 13. 

Figure 13: Equivalent strain rate Figure 12: Forging 
 

6. Conclusion 
 Merely qualitative estimation of technological parameters, based otherwise on a logical, but 
simplified manner of thinking, is often misleading and can result in false conclusions. This is par-
ticularly true in phenomenologically complex technology processes, with time evolution of the 
thermomechanical fields and simultaneous development of diverse physical phenomena being in-
terdependent. Resulting from the human limited capability to analyse such complex problems intui-
tively, using of computer aided analyses in engineering, and the possibilities given thereby, is of 
great importance. For this purpose a reliable and computationally effective numerical modelling of 
mathematically modelled physical relationships is needed. Providing, that by its corresponding im-
plementation into a computer code such a model is subsequently also experimentally validated, 
then it can be given at the user's disposal for his further exploitation. 
 In the paper issues regarding solution of physically coupled nonlinear problems and respective 
solution strategies have been considered, along with the discussion on the selection of appropriate 
space and time discretization methods that result in a computationally efficient solution. In particu-
lar, three physical problems: the thermomechanical, heat conduction and the electromagnetic prob-
lem, respectively, have been considered in detail, including their coupling effects. Results, obtained 
upon the corresponding computer simulations of two study-cases, have been thorougly discussed in 
view of its physical background. 
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MESOMECHANICS OF QUASISTATIC FRACTURE 
 

Michael P. Wnuk 

ABSTRACT 
 
 A tri-axiality dependent cohesive zone model for a stationary and a quasistatic crack is pro-
posed. The model is rooted in the mesomechanical approach to Fracture Mechanics and it is in-
spired by the quantum law concerning emission of light, which was postulated by Max Planck at 
the end of 19th century. 
 The model provides an extension of the early concepts of Barenblatt, Dugdale and the 
Bilby-Cotrell-Swinden team. It also incorporates the experimental observations of the pre-
fracture states due to Panin and his school in Tomsk. Relations between micro- and 
macro-parameters that characterize the deformation and fracture processes in dissipative 
media are described in detail. 
 The analysis suggests that the ratio of the “true” work of fracture to the total energy 
dissipated during the course of the irreversible deformation contained within the end zone 
can be used as a measure of material resistance to a quasistatically propagating fracture. 
This ratio, evaluated for various sets of microstructural parameters that define the distri-
bution of the restraining stresses within the cohesive zone, provides both conceptual and 
quantitative foundation for a better understanding of the phenomena essential during the 
early stages of fracture in non-elastic solids. Some of the by-products of the analysis are 
novel physical interpretations of the fracture toughness enhancement that leads to a devel-
oped R-curve.  
 
Keywords:  cohesive zone, J-integral, specific work of fracture, cohesive tractions, microstruc-

ture, triaxiality, local constraints, ductile-brittle transition, surface tension, plastic 
work, ductility, overstress, dissipation. 

 

0. Introduction 
 
Now, at the onset of the 21st century we are facing a few paradoxes of somewhat different nature. 
Fundamentally, though, these paradoxes are analogous to the problem encountered a century ago. If 
we decide to use symbol λ to denote the distance from the boundary of the “separation surface” in a 
solid body, usually identified with the crack front in the Fracture Mechanics context, then right 
away we observe certain peculiar predictions resulting from the theory based in the Continuum 
Mechanics. Singularities of all kinds abound; the classic Griffith-Irwin singular stress field of λ-1/2 
type for a crack contained in a perfectly brittle solid. Then there are the HRR kind of singularities 
of the type λ-1/(1+n) for a stress field, and λ-n/(1+n) for the strain field in a power hardening medium of 
Ramberg - Osgood kind. Note that the product σ.ε yields a singularity of the λ-1 type, which upon 
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integration over the volume of the body yields finite strain energy. This is so for a stationary crack. 
In case of quasi-statically extending crack, the singularity changes to log(λ), while for dynamically 
moving defects the nature of the singularities becomes velocity dependent. One important aspect of 
the proposed study will be to focus on the transition from slow to fast motion of a propagating 
crack. In what follows we provide a very concise abstract of the entities and relations used in deal-
ing with discontinuities and crack-like defects. First, we consider the approaches suggested by the 
Continuum Mechanics, show their shortcomings, and then elaborate on the alternative “quantum” 
mechanical description that opens novel possibilities in research into mesomechanics of fracture.  
 

 It has been shown that the variations in the microstructural parameters strongly affect the proc-
ess zone along with the associated work of separation. The other important factors that influence 
the cohesive stress distribution and all the resulting fracture parameters, specifically those that are 
responsible for a ductile-to-brittle transition of fracture mode, are the characteristics of the state of 
stress induced in the vicinity of the crack front. These 3D effects are best represented by the triaxi-
ality parameter, defined as the ratio of the mean stress to the von Mises effective stress. 
 

 As it turns out, when we consider deformation, local pre-fracture states as defined by Panin, and 
finally, the fracture processes at the micro- or meso-levels and the associated dissipation energies 
that characterize these irreversible events, none of these concepts work. They all break down at the 
distances less than a certain critical length, which equals the size of the process zone and cannot be 
determined by the macroscopically measured material constants alone. The very fact that one must 
introduce into the mathematical model the finite entity, called “process zone”, adjacent to the crack 
front, provides an evidence of breakdown of the classic field theories. This breakdown occurs at the 
distances, which are only fractions of the material characteristic length, defined by such constants 
as fracture toughness and the yield stress. Of course, these two constants are macroscopically “ob-
servable” parameters and they provide a convenient link between the standard Mechanics of Frac-
ture, as the one used in Engineering, and a more refined science of Mesomechanics. Here we deal 
with three length measures, R, ∆ and the increment δ , or a “quantum” of the CTOD, the quantity 
known as the “final stretch”, used in the criterion of continuing crack growth in the early stages of 
fracture. Only the first of the length parameters mentioned here is susceptible to the experimental 
techniques used in the standard laboratory equipped for Fracture Mechanics tests. The other two, 
crack growth step ∆ and the increment δ  must be determined by certain very subtle and frequently 
indirect measurements of microstructural nature. Note that the ratio δ /∆ is directly proportional to 
the CTOA, a useful parameter when dealing with nonelastic fracture.  
 

 This is the domain of mathematical modeling founded on the premises of Mesomechanics. De-
velopment of new concepts and mathematical approaches compatible with Mesomechanics that de-
parts from substantially from the “classic” continuum approaches, is the primary objective of work. 
 

1. Mathematical Model 
Whenever a cohesive crack model is applied to explain the phenomena such as onset of fracture 
and its quasistatic growth in dissipative media, an assumption regarding the so-called “separation 
law” must be made in addition to the employed constitutive equations that define behavior of a 
given material. Using an analogy with Planck’s law for the radiation of light emitted by a black 
body at high frequencies, when the wavelength λ approaches zero, Wnuk and Legat (2002) pro-
posed a certain distribution of the cohesive stress within the end zone preceding the crack front.  In 
what follows this end zone is endowed with an internal structure: within the zone of length R there 
is a small region, say ∆, which represents the process zone, where the final act of decohesion takes 
place.  This region is attached to the physical tip of the crack. As it turns out, the ratio R/∆ plays an 
important role in relating the micro- and macro-fracture parameters. 
 If the distance from the physical tip of the crack is measured by a nondimensional coordinate 

1x
R

λ = , 10 x R≤ ≤ , 0 1λ≤ ≤        (1.1) 
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then the Wnuk-Legat equation reads 
 

[ ]0( , , ) exp (1 )nS n Sλ α λ α λ= −      (1.2) 
 
 Here S0 denotes the reference stress, while α and n are yet undetermined microstructural pa-
rameters. An example of a normalized S-distribution, normalization constant being S0, is given in 
Fig.1. The figure was drawn for the set α=1 and n=0.2. It is noticed that the maximum in the curve 
shown in Fig.1, Smax/S0, occurs at the distance λmax = n/α = 0.2 from the tip of the crack.  This point 
coincides with the outer edge of the process zone ∆ embedded within the end zone R, namely 
 

1

1

x

x
R R

λ
=∆

∆ = = 
 

       (1.3) 

 
 The reciprocal of this variable, R/∆, was shown by Wnuk and Mura (1981) to equal the ratio of 
the strain at fracture, εf, to the yield strain ε0. Therefore, the quantity R/∆ has been named the “duc-
tility index”, and denoted by ρ. For ductile materials the process zone is a small fraction of the end 
zone, leading to large ρ. For the other extreme material behavior, resulting in brittle fracture, the 
quantities ∆ and R are almost equal, thus ρ-> 1. In the limit of perfectly brittle material behavior 
(i.e., elastic response up to the point of failure) both ∆ and R shrink to a point, and the present 
model of failure reduces to the Griffith theory. 
 

 One may ask a question: does the curve shown in Fig.1 represent a separation law of the mate-
rial? The answer is “no”, because the cohesive law requires that the stress S should be shown as a 
function of the opening displacement, say δ, not as a function of the distance from the leading edge 
of the crack (as it is in Fig.1). The model provides sufficient information, though, to transform the 
curve S vs. λ, shown in Fig.1, into the separation law S vs. δ. When the appropriate boundary value 
problem is solved, cf. Wnuk and Legat (2002), a certain expression results for the opening dis-
placement within the R-zone due to the action of stresses of type (1.2) – treated as an applied stress 
in the Sneddon’s integrals. This expression reads 
 

( ) ( ) ( ) ( ) ( )1
1 0

1, ,
1 1

nn nv n
α ααλ α λ λ

α α
+ ++ −

= Λ − Λ      + +
   (1.4) 

 
Here the functions Λ0 and Λ1 are defined as follows 
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    (1.5) 

 
Note that v = 1 for λ = 0, and v equals zero for λ = 1, which designates the outer edge of the R-
zone. The normalization constant for the displacement v is the opening displacement at the tip of 
the crack, vtip = 4S0R/πE. The function v = v(λ,α,n) with α  = 1, and n = 0.2, is depicted in Fig. 2b.  
With these equations available to us it is possible to re-plot the graph of Fig.1, in such a way that it 
will be v (=0.5δ) shown as the independent variable rather than λ.  To make this plot we shall be 
using normalized S and normalized v. To understand the plot shown in Fig.2a, we follow the his-
tory of deformation of a fixed material particle. The sequence of events begins at v = 0, where a 
material cell is yet unbroken, thus the cohesion is not compromised. There S = S0, and as we move 
toward the right side of the graph, S passes through a maximum and then falls to zero when v 
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reaches the critical value. The value of the maximum S can be easily evaluated from Eq. (1.2), and 
it is 

[ ]max 0 exp
nnS S nα

α
 = − 
 

      (1.6) 

 
Now, we shall apply these equations to a description of the onset of fracture and its slow stable 
growth that precedes the catastrophic failure. 
 

2. Relationship Between Micro and Macro Material Parameters 
Direct measurement of the microstructural constants α and n appears to be an impossible task. 
However, one can resolve the problem by introducing two macro-variables, accessible in a labora-
tory test, namely 
the over-stress factor, k = Smax/S0, and 
the ductility index, ρ = R/∆. 
The first of these quantities can be easily deducted from Eq. (1.6), namely 
 

( )max

0

exp
nS nk n

S
α

α
 = = − 
 

     (2.1) 

Experimental determination of the k-factor defined above was described by Siegmund and Brocks 
(1993), and by Brocks (2001).The second parameter, ρ, is identified with the reciprocal of λmax, i.e., 
 

1

max

1R n
n
αρ

λ α

−
 = = = = ∆  

      (2.2) 

Experimental determination of this quantity presents no problem. In fact, it is a part of a standard 
strength of materials test. As noted in Section 1, for ductile materials we expect ρ>>1. This will be 
reflected by the proper choice of the parameters α and n, suitable to account for the dissipative na-
ture of the material response. The opposite is true for the quasi-brittle and brittle end of the spec-
trum of material behavior, when ρ -> 1, and thus we should choose sets in which α ≈ n. 
 When Eqs. (2.1) and (2.2) are combined, the following transcendental equation results 
 

( )ln 1 0nk nρ ρ  − − =        (2.3) 

 
This equation is elementary and it can be solved for n explicitly, namely 

ln
1 ln

kn
ρ ρ

=
− −

       (2.4) 

Also, we have a second equation 
ln

1 ln
kαα

ρ ρ
=

− −
       (2.5) 

 
With these two relations we are prepared to determine unknown microstructural parameters  α and 
n using the input data provided by the macroscopically observable quantities, k and ρ.  Let us try 
this approach for ρ = 10 and k = 5. Substituting these values into Eqs. (2.3) and (2.4) yields 
 

ln 5 0.2403
9 ln10

n = =
−

      (2.6) 

10ln 5 2.4031
9 ln10

α = =
−
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 It presents no problem to show graphically the dependence of the variables k and ρ on the mi-
cro-parameters α and n, or vice versa. This has been done and illustrated in Figs. 3a and 3b. It is 
noteworthy that since the ductility index satisfies an inequality ρ  1, the denominator of Eq. (2.4) is 
always positive or it equals zero.  Therefore, we expect no negative values for the parameter n. 
Since α = ρn, the same conclusion holds for α. The limiting case of α = n = 0 corresponds to the 
Dugdale model, while the set α = 0, n = 1, describes the S-distribution assumed in the Knauss’ 
model, cf. Ungsuwarungsri and Knauss (1987a,b and c). 
 

 A more useful representation would involve expressing all the pertinent functional relationships 
in terms of the ductility index, which is the most accessible variable obtained in laboratory testing. 
Using equations (2.3) and (2.4) the graphs were constructed as shown in Figs. 4a and 4b. 
 

 This representation provides an additional advantage. Since the variable ρ = R/∆ can also be 
used to represent the material resistance to crack propagation associated with the quasistatic growth 
(within the small scale yielding range considered here R is proportional to CTOD and also to JR). 
For the early stages of non-elastic fracture the parameter ρ becomes a certain function of the incre-
ment in the current crack length, say z = ∆a/Rss. Here the steady-state value of the length of the end 
zone, Rss, has been used as a normalizing constant for the increment of crack length, ∆a. If we now 
combine the results shown in Figs. 4a and 4b with the function z = z(ρ), which is determined by the 
governing equation of the R-curve, we shall be able to follow the changes in the parameter k (the 
over-stress) and the variations in the true work of fracture, W, as the crack propagates.  This type of 
analysis is continued in the next section. 
 

 It is noteworthy that since the R-curve is a macroscopic manifestation of the subcritical crack 
growth, some researchers, cf. Cherapanov and Halmanov (1972,1974), Wnuk (1977, 1992) and 
Bolotin (1990) have attempted to apply the concept to describe the mechanism of fatigue processes. 
Other modifications of the cohesive zone model were suggested by Kolednik et al. (1997), who 
studied the influence of the energy dissipation rate on geometry and size effects. Hutchinson (1997) 
and Goldstein and Perelmuter (1999) have applied the model to evaluate the specific work of frac-
ture associated with an interface crack. 

3. Variations in Material Properties Due to Crack Extension. Energy Screening  
    Phenomenon as Source of the R-Curve for Dissipative Media 
 It can be shown that the specific choice of the microstructural parameters has an insignificant 
effect on the shape of the R-curve.  Therefore, to simplify the mathematics, we shall invoke the 
Wnuk-Rice-Sorensen differential equation, which defines an R-curve in a ductile solid. The condi-
tion of the small scale yielding (ssy) range of material behavior has been assumed in the derivation 
of this equation, cf. Wnuk (1972, 1974), Rice and Sorensen (1978) and Rice et al. (1980). From en-
tirely two different ways of approach, the following equation emerged 
 

( )1 1 ln 4 /
2 2

dR M R
da

= − − ∆       (3.1) 

 
With the tearing modulus M assumed to be 15% greater than its minimum value, below which 
there is no stable crack growth, Mmin, we have 

( )min
1 11.15 1.15 ln 4
2 2 iniM M ρ = = +  

    (3.2) 

 
Now, equation (3.1) can be recast into the form 
 

1 ln
2

ssd
dz

ρρ
ρ

 
=  

 
       (3.3) 
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Numerical integration of this nonlinear differential equation leads to an R-curve shown in Fig. 5.  It 
is seen that the curve initiates at the fracture toughness threshold (R/∆)ini = ρini, assumed as 10, and 
it levels off at the steady-state value of the toughness measure (R/∆)ss = ρss = 20.205.  This upper 
asymptote of the R-curve is established by a simple relation, compare Wnuk (1974, 1990), 

[ ]1 exp 2 1
4ss Mρ = −       (3.4) 

which indicates that the upper level of the universal R-curve increases exponentially with the tear-
ing modulus M. 
 Once the function R = R(∆a), or – expressed in terms of the nondimensional variables – ρ =  
ρ(z), is determined, one can proceed with an analysis aimed at the study of variations of the mate-
rial properties, such as ductility index and the over-stress factor, both strongly influenced by the 
history of deformation associated with the early stages of fracture.  The resistance curve for the 
case under consideration is shown in Fig. 5. 
 It turns out that both ρ and k undergo a continuous change in the course of quasistatic crack 
growth, as shown in Figs. 4.  This in turn implies the variations in the microstructural parameters, α 
and n, which are related to k and ρ via equations (2.3) and (2.4).  When the functions shown in 
Figs. 4a and 4b are re-plotted using the increment of the current crack length z as an independent 
variable, the new graphs result, and they are shown in Figs. 6a and 6b. 
 The variations in α and n, as the crack propagates, lead to a gradual modification of the shape of 
the S-stress distribution, which was to be expected.  For three chosen points of the curve shown in 
Fig. 5, corresponding to ρ equal to 10, 15, and 19, the S-graph are visibly altered, as shown in Fig. 
7. 
 From the point of view focused on the physics of the quasistatic crack growth process perhaps 
the most significant characteristic parameter is the specific work of fracture, compare Wnuk and 
Read (1985). When dealing with failure in elastic-plastic solids one should distinguish between the 
“true” and “apparent” work of fracture.  The first one is defined as the energy dissipated within the 
process zone during the final act of fracture, while the second is identified as the total work per-
formed by the restraining stress S against the opening displacement within the end zone.  This 
quantity, in addition to the work of separation (another name for the true work of fracture) includes 
the plastic work.  Thus, we have two expressions, which describe these two work terms, namely 

( ) ( ) ( )
max

0

, , , , ,true
dW n C S n v n dx
dx

λ

α λ α λ α= −  ∫ , max /nλ λ=     

( ) ( ) ( )
1

0

, , , , ,total
dW n C S n v n dx
dx

α λ α λ α= −  ∫    (3.5) 

The constant C is defined as the product of the tip displacement (1/2 of the CTOD) and the refer-
ence stress, thus C = vtipS0.  We note that in the limiting case of brittle material response, when λmax 
=  ∆/R -> 1, Wtrue approaches Wtotal, while the latter becomes the familiar surface tension γ, intro-
duced by Griffith in his energy balance criterion for the onset of catastrophic fracture. 
 In ductile materials, though, Wtrue and Wtotal are quite different, and usually Wtrue<<Wtotal.  It is 
of interest to study the ratio of these two quantities, compare Broberg (1979, 1999).  Before we 
formulate the definition, let us consistently replace the parameter n by the ratio α/ρ.  This will con-
vert both functions defined in (3.5) into the functions of α and ρ, namely 

( ) ( ) ( )
1/

0

, , , , ,dW C S v dx
dx

ρ

α ρ λ α ρ λ α ρ = − ∫    (3.6) 

( ) ( ) ( )
1/

0
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ρ

α ρ λ α ρ λ α ρ = − ∫      
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Note that the subscripts “true” and “total” have been omitted, while the symbols such as hat and a 
bar have been added for mathematical correctness.  Now, we are ready to define the so-called en-
ergy transmission ratio (ETR), namely 

( ) ( ) ( ), , / ,ETR w W Wα ρ α ρ α ρ= =     (3.7) 
 As ρ increases during the quasistatic crack extension, the ETR decreases monotonically, mean-
ing that less and less of the energy available reaches the process zone.  This interesting phenome-
non is illustrated in Fig. 8, and we shall refer to it as the “energy screening effect” associated with 
motion of a quasistatic crack. 
 Because of such screening, material becomes tougher while the crack propagates, and this is re-
flected by the shape common to all universal, meaning geometry independent, R-curves.  In fact, 
one could propose a reciprocal of the ETR to represent an R-curve, compare Fig. 9, in where three 
such (ETR)-1 curves are plotted vs. the increment of the crack length.  Such a definition would pro-
vide yet another physically meaningful interpretation of the resistance curve, and it would be added 
to the set of other quantities commonly used to represent an R-curve, such as KR, JR or CTODR.  
 The more ductile is the material, the more pronounced is the decrease in the w-ratio as the crack 
growth progresses.  This effect is illustrated in Fig. 10, where two results obtained from two en-
tirely different physical models are plotted side by side.  The top curve represents the screening ef-
fect derived from the Kanuss’s cohesive model that is appropriate for more brittle solids, while the 
lower curve resulted from the Dugdale model which was designed for rather ductile solids. 
 In the limiting case of zero ductility, when n -> α  and ρ -> 1, the classic theory of Griffith is not 
capable to account for the stable quasistatic crack extension.  Without the energy screening the ini-
tial instability and the terminal instability points (visibly distant on any R-curve) merge into a sin-
gle point, and thus the resistance curve disappears. 

4. Conclusions 
The proposed distribution of the cohesive forces, which restrain the separation process in the vicin-
ity of the crack front, are analogous to the Max Planck law  used to explain radiation given off by a 
perfectly black body at very short wavelength of the visible light spectrum. 
 In an attempt to correlate the micro and macro material properties, a mesomechanical model of 
cohesive stress zone is employed.  Both stationary and quasistatical cracks have been considered, 
and it has been shown that as the crack propagates during the early stages of failure, there is an in-
terplay between the material parameters of both micro and macro nature.  These variations are 
shown to depend on the initial state of the material and the nature of irreversible deformation phe-
nomena that take place within the end zone preceding the crack. 
 Due to the assumed inner structure of the end zone associated with a crack in a dissipative me-
dium, true fracture energy is separated from the total energy dissipated within the end zone.  The 
ratio of these two energy terms has been defined as a measure of the energy screening phenome-
non, while the reciprocal of the same ratio could be used as yet another characteristic of the mate-
rial resistance to quasistatic fracture. 
 Although the essential parameters in the model are tri-axiality dependent, the results obtained so 
far are based on the assumption of the existence of a universal R- curve, which remains geometry 
independent.  In addition, the validity of all the results presented here is subject to the requirement 
that the range of small scale yielding condition is not exceeded. 
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APPENDIX A 
 
 Work of fracture and the energy transmission ratio (ETR) are evaluated here for the two limiting 
cases of material behavior: (1) ductile, and (2) brittle. For the first one we shall use the Dugdale 
model (S = const.), while the second one will be represented by the Knauss model, which assumes 
a linear distribution of the S-stress within the end zone R. Both models are then augmented by the 
Wnuk “final stretch criterion” in order to establish the resistance curves, R = R(∆a), appropriate for 
each cohesive stress distribution. The purpose of such operation is to show the variations of the en-
ergy transmission ratio in the course of quasistatic crack extension. 
 Following Eqs. (3.5) we partition the total energy dissipated within the end zone into the true 
work of fracture, i.e., the energy dissipated within the process zone 
 

( ) ( )
/

0

R

true tip
dW v S v d

d
λ λ λ

λ

∆

= −  ∫      (A1) 

 
and the remainder of the irreversible work 
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dW v S v d
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λ λ λ
λ∆

= −  ∫      (A2) 

 
Here, S denotes the cohesive stress restraining the decohesion process within the end zone, while 
v(λ) is the normalized opening displacement against which the work is being done. The normaliz-
ing constant for v(λ) is vtip = 4S0/πE. 
 Of course, the total energy dissipation W is defined as the sum of the two terms defined above, 
namely 
 

( ) ( )
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0
tot true irr tip
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The energy transmission ratio is determined as follows 
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    (A4) 

 
Here, the prime indicates differentiation with respect to the nondimensional coordinate λ = x1/R, in 
which x1 is the distance measured from the crack tip. At the outer edge of the process zone, x1 = ∆, 
and there the variable λ assumes the physically meaningful value of ∆/R, which is the reciprocal of 
the ductility index ρ (=R/∆). 
 
ETR for the Dugdale Model  
 We shall now evaluate the integrals in Eq. (A4). Let us first consider the ductile case, described 
by the model of Dugdale, who assumed a constant S-stress, S = S0. Here within the range of small 
scale yielding, the normalized opening displacement within the end zone is given by 
 

( ) ( )0
1 11 ln

2 1 1Dv λ λλ λ λ
λ

+ −
= Λ = − −

− −
    (A5) 
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Total work of fracture, defined by Eq. (A3), reads 
 

( ) ( )
1

1
0 0 0 0 00

0

D
tot tip tip tip

dW v S d v S v S
d

λ λ λ
λ

= −Λ = − Λ =      ∫   (A6) 

 
The true work of fracture, defined by Eq. (A1), is 
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Dividing this expression by the total work of fracture, we obtain the energy transmission ratio as a 
function of the ductility index ρ, namely 
 
 

( ) ( )0
1 111 1/ ln

2 1DETR
ρ ρ ρ ρ

ρ ρ
ρρ ρ ρ

 − − + −
= − Λ = −  

− −  
  (A8) 

 
This function is illustrated in Fig.10a. Now, if the Wnuk-Rice-Sorensen equation of the R-curve, 
see Eq. (3.3), is employed, the ETRD can be plotted in terms of the increment of the quasistatic 
crack extension, z = ∆a/Rss. The result is shown in Fig. 10b. 
 
ETR for the Knauss Model  
 Let us evaluate the integrals which appear in Eq. (A4). Now, the cohesive stress for this repre-
sentation of material behavior is assumed to increase linearly from zero at x1 = 0 to S0 at x1 = R. 
Substituting S(λ) = λS0 and the expression for the normalized opening displacement 
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2 4 1 1Kv λ λλ λ λ λ

λ
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into the integral defined by Eq. (A3), we obtain 
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In a similar way the true work of fracture is evaluated. Applying Eq. (A1) to the Knauss model, 
yields 
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Dividing this expression by Wtot

K, given in Eq. (A10), results in 
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ρ λ λ ρ
ρ

  = Λ − Λ 
  

∫    (A12) 

 
A plot of this function is shown in Fig. 10a, while Fig. 10b illustrates the dependence of the energy 
transmission ratio on the extent of quasistatic crack growth. To convert the ETR vs. ρ plot shown 
in Fig. 10a into the one shown in Fig. 10b, the following equation of the resistance curve (derived 
from the Wnuk’s “final stretch” criterion) has been used 
 

41 1 ln
4

dR M
da R R

∆ ∆ = − −  
 

      (A13) 

 
The tearing modulus M1, which appears in this equation, is assumed to be somewhat higher than 
the minimum tearing modulus (below which a stable crack growth does not exist), namely 
 

1 41 1.5 1 ln
4 ini ini

M
ρ ρ

  
= +  

  
     (A14) 

 
An example of the resulting R-curve is shown in Fig. A1. We note that this curve and all other re-
sults pertaining to the Knauss model are valid for ρ->1, and thus a direct comparison with the re-
sults pertinent to the Dugdale model, where ρ>>1, is not possible. 
 

 One may, however, compare the numbers. The ETRK shown in Fig.10 vary between one and 
0.59, while the ETRD shown in the same figure varies between 0.4 and 0.14. This indicates a more 
substantial energy screening effect for the ductile material, reflected by the lower value of the ETR. 
 

 Finally, when Eq. (A12) is examined in the limiting case of ρ approaching 1, which corresponds 
to a perfectly brittle behavior, we see that the second term in the curly bracket disappears, while the 
integral assumes the value1/2.25, reducing the entire expression for the ETR to one. This results in 
zero energy screening, meaning that the entire energy available for fracture is delivered to the crack 
tip. One would expect such an effect for the brittle fracture. 
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In order to understand new materials and processes, micromechanical modeling is in intensive 

use by engineering comunity. The macroscopic modeling approaches leads to the construction of 
continuum-based  phenomenological constitutive models, while the microscopic modeling bring 
behaviour from micro discrete nature to the macroscopic equivalent level. Discrete Element 
Method (DEM) is the term given to the numerical analysis procedure that simulates the behaviour 
within discontinue mechanics framework. DEM treats particles as an assemblage of individual or 
distinct bodies with adequate interrelationship. By applying their known individual constitutive 
properties, contact laws, velocities, displacements, and body forces, their dynamic behaviour can 
be studied over a selected period in time. From a computational point of wiew, there are two basic 
aspects in large multibody system behaviour simulation, namely contact detection and contact in-
teraction. The contact interaction laws must relate to the distances between particles, interactions of 
particle structure, particle shape, unit’s distribution and substance properties. Contact detection is 
responsible for detecting couples of discrete element close to each other. The spatial sorting and 
contact resolution contact are two phases of the detection process. Contact resolution detects over-
lap of the two objects, determined through an analysis of the objects surface geometries. The new 
micromechanical models and procedures come from innovative thinking and use powerful 
computational resources [ ]4 . Circular disks and mono-spheres are most frequently studied 
due to the simplified contact detecting algorithms. Polygonal and superquadric shapes have 
also been studied, but are impractical for large numbered particle models due to the com-
plexity of the contact patterns. Ellipses and clusters of spheres, in proper size arrangement, 
provide a realistic model for many engineering materials. For solution real micromechani-
cal problems 3-D models of non-circular shapes will be required, and some of them are 
shortly described. Suspension of discrete fibres in a Newtonian fluid is another discrete element 
structure. In order to optimise properties and processing conditions suspension media, numerical 
simulation of the flow including interaction between suspended discrete objects are required. When 
the Reynolds number of the suspension is small, boundary integral method can be used to describe 
fibre motion in the fluid flow field [ ]3 . The  equilibrium equations for each of the fibres, are bal-
ance of the hydrodinamic forces and torques. This equations  are direct simulation model of the in-
teraction among N fibers in an unbound suspension. In order to model the N  fibres in a unit cell, 
the periodic solution of the Stokes flow equation must be accounted. Some special large-scale 
simulation algorithm are used, such as Particle Mesh Method, Multipole-based Ewald Summation. 
The numerical results under unit cell are averaged to produce macroscopic properties of the sus-
pension (diffusivity tensor, structure functions, reduced viscosity ). This direct calculation of fibre 
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motion require lot of computational power. In order to overcome this problem, the fiber orientation 
state is defined by orientation tensors [ ]1  

 
( ) pdpppa jiij ∫ ψ=  (1)

( ) pdpppppa lkjiijkl ∫ ψ=  (2)
 
where is p  unit vector defining orientation and ψ  is probability distribution function. The scatter 
data from direct simulation are fitted by kriging in order to recive aceptable functional relationship   
structural tensors on fiber aspect ratio and relative fibre volume. The simple kriging must be conec-
ted with evolution equation, in order to replace mathematical interpolations with physicaly based 
interpolators. For the center-gated disk numerical results was obtained. The polypropilene fiber 
suspension are chosen as model example, as described in [ ]2 . In order to predict fiber orientation in 
injection-molded composite, the melt is assumed to be incompressible Stokes flow. Macroscopic 
equation with evolution equation for orientation tensor, on every time step solved by incremental 
procedure using finite elements. Figure 1 show contour line plot of tensor component 11a  of orien-
tation tensor in radial cross-section ( B half gap thickness). The influence of  the fountain flow and 
gate region transients on distribution orientation tensor  are clear visible. 
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Fig. 1  The contur plot isoline of  the komponent 11a  
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1. Introduction 
 Recenty the use of composite orthotropic materials in engineering structures have been in-
creased steadily. Usually generalized Hookes law for orthotropic plates in plane stress is given. In 
this paper the generalized Hookes law for the three-dimensional state of stress in terms of engineer-
ing orthotropic elastic constants is proposed. Some invariants of the fourth order elasticity tensor in 
terms of engineering constants are considered. 

.

,

,

,1

,1

,1

zxzx

zx

zxyz

yz

zxxy

xy
zzxzzyzxyyxzxxxzx

yzzx

zx

yzyz

yz

yzxy

xy
zyzzzyyzyyxyzxxyz

xyzx

zx

xyyz

yz

xyxy

xy
zxyzzyxyyyxxyxxxy

zxzzzxyzzzyzxyzzxyz
z

y
z

yz
x

z

xz
z

zxyyzxyzyyyzxyyyxyz
y

zy
y

y
x

y

xy
y

zxxxzxyzxxyzxyxxxyz
x

zx
y

x

yx
x

x
x

GGG

GGG

GGG

EEE

EEE

EEE

τττ
σησησηγ

τττ
σησησηγ

τττ
σησησηγ

τητητησσ
ν

σνε

τητητησ
ν

σσ
ν

ε

τητητησνσ
ν

σε

+++++=

+++++=

+++++=

++++−−=

+++−+−=

+++−−=

       (1)

The type of engineering constant depends on the number of different indices as shown in Table 1. 

2. Linear invariants 
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Table 1. Types of the engineering orthotropic elastic constants 

Indices in the Engineering orthotropic Number of Typical symbol of 
1st 2nd 2 pairs elastic constant different tensonial engineering

pair pair mutually  indices component constant 

equal equal equal Modulus of elasticity 1 1111/1 S  xE  

Poisson's ratio divided equal equal different 
by modulus of elasticity 

2 1122S  xyx E/ν−  

equal different different Normal - shearing coefficient 2 1112S  xxxyη  

different  different equa Shearing modulus of elasticity 2 1212S  xyG/1  

Coupled shearing  different different different 
modulus of elasticity 

3 1223S  xyyzG/1  

3. Quadratic invariants 

( ) const.
4

1211 22
222 =+++++ yyyxxxxy
xyy

xy

x

yx

yx GEEEE
ηη

νν
 (5)

( ) const.
2
111211 2

22 =++







+








+−++ yyyxxxxy

y

xy

x

yx

yxy

xy

x

yx

yx EEEEEEEE
ηη

νννν
 (6)

( ) const.
2
1

4
111 2

2 =−++







+








+ yyyxxxxy

xyy

xy

x

yx

yx GEEEE
ηη

νν
 (7)

4. Cubic invariant 
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5. Conclusion 
 Among the known engineering constants, i.e. moduli of elasticity, shearing moduli of elastic-
ity. Poisson's ratios and normal-shearing coefficients, there exist also the coupled shearing moduli 
of elasticity. 
 Several linear, quadratic and cubic invariants in terms of engineering orthotropic elastic con-
stants are derived. 
 General Hooke's law in terms of engineering constant for 3D has been proposed. 
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1. Introduction 
 According to current scientific research findings in the field of fires, their breakout and growth, 
it is not possible to predict the where and when a fire might break out. Fires in industrial objects 
can be caused by various factors, the most significant being man. The products of a fire are: the de-
velopment of high temperatures and great quantities of smoke in enclosures. High temperatures in-
fluence the supporting structure of the building, while smoke threatens humans, since most loss of 
life in fires is caused by smoke inhalation. This paper deals only with the effect of high tempera-
tures upon the load-bearing steel structure. 
 During the last few years significant efforts have been made in scientific research to understand 
the process of the breakout of fires and their growth so that there is a specific scientific discipline 
referred to as “Fire Science”. These problems have been dealt with in ENV 1991-2-2: 1995, 
wherein fire action is classified as heat action, i.e. accidental action in the classification of various 
actions. Heat actions are defined by: nominal temperature-time curve and parametric fire exposure. 
Parametric fire exposures have been only initiated and it has been left to each country to solve this 
within the National Application Documents which is one of the main tasks of this paper. 

2. Short description of the paper 
  The paper presents the analysis of the influence of various types of actual fire loads upon the 
given industrial structure - a warehouse steel hall. The simulation included several different fire 
loads with different quantities of combustible material and different floor surfaces of the structure 
covered with combustible material. By applying the model of zones (Figure 1.), based on an ap-
proximate formulation [1], for different fire loads, obtained by varying the surface of ventilation 
openings, it was possible to obtain the temperature curves as a function of time which were used as 
the extreme temperature influence upon the load-bearing steel structure. 

40000

10
00

0
12

00
88

00

1
H

EB
80

0

HEB8002

1

20000 20000

H
EB

80
0

HEB8002

r  =  7.0  m

r  =  14.0  m

r  =  7.0  m

r  =  14.0  m

yD

 
 Figure 1. Presentation of the load-bearing steel structure 
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 The obtained temperature curves were compared to a Standard temperature curve. It was proved 
that for large closed spaces (e.g. industrial halls) [2] the action of actual fire loads cannot be com-
puted by applying the standard curve but by determining actual temperature curves as a function of 
time. 
 Heat transfer through the basic material was modelled by using a transient, non-linear model [3] 
according to the obtained values of extreme temperature curves. 
The paper also includes the analysis of the state of extreme temperatures in the case of steel struc-
ture protection by incombustible mineral plates. 

3. Conclusions 
 The fire action for a steel hall with dimensions 40 x 60 x 7.5 m was simulated by applying the 
zone model, based on an approximate formulation. The results obtained by employing the zone 
model in 6 cases of the real fire load show that the temperature in the compartment depends 
primarily upon the combustible material quantity, the floor surface covered by combustible 
material, the surface of ventilation openings and the radial distance from the fire centre. 
 It has been proved that the application of the Standard temperature curve [4]; [5] is not accept-
able for large compartments since it is evident that the temperature action differs in space and de-
pends upon the mentioned parameters so that it is necessary to perform computations for each ac-
tual fire load. 
 It has been determined that for each fire load, depending upon the required fire resistance (e.g. 
30 min), the temperature in the hall does not exceed 300°C, so that the protection of the structure is 
not necessary in such cases. 
 These investigations of the actual time-temperature parameter curves in large industrial halls for 
different fire loads have been carried out within the NAD (National Application Documents) in the 
field of fire action. 
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1. Introduction 
 Thermomechanical behaviour is frequently met in practice. In a wide variety of mechanical 
problems, thermal effects are usually neglectable. From other point of view, in large variety of 
thermal problems, mechanical effects are also neglectable. In some problems, like linear thermoe-
lasticity, these effects are considered. However, thermal effects influence the mechanical ones, but 
mechanical effects have no effect on thermal behaviour. 

In analysis of plastic deformation, work applied to achieve permanent deformation is in a large 
amount dissipated as heat. This heat source cannot be neglected even in the infinitesimal context. 
For the finite plastic strains this is particularly true. Temperature change causes several effects in-
teresting from the mechanical side. One of them is, for example, softening of the material in ques-
tion, i. e. lowering of yield stress with the increase of temperature. 

Computational tasks involving finite thermoplastic strains are almost exclusively solved nu-
merically. A most popular numerical tool is certainly the finite element method. Since isochoric 
behaviour of plastic deformation causes numerical difficulties with pure displacement based finite 
element method, mixed finite element method is preferred.  

The coupled problems in general can be approached by simultaneous solution or some sort of 
staggered approach. In the context of thermoplasticity at finite strains, simultaneous solution leads 
toward larger and nonsymmetrical systems. Integration is unconditionally stable. Usual decoupling 
into mechanical and thermal phase yields smaller and symmetrical systems. But, obtained scheme 
lacks unconditional stability and is only conditionally stable. In analysis of metal materials this not 
represent a problem and such decoupling is often used.  

2. Kinematics  
 The fundamental measure of deformation in continuum mechanics is deformation gradient F. It 
is defined as derivative of configuration.  We separate elastic and plastic part of deformation 
through multiplicative decomposition of deformation gradient: 

( ) ( ) ( )XFXFXF pe= . (1)

3. Balance and constitutive laws 
 We use basic laws of continuum mechanics [7]. Helmholtz free energy represents a basis for 
stress calculations in hyperelastic formulation used in this work. Mechanical dissipation is calcu-
lated as fraction of plastic power p

mech [3, 4]: 

( )( )θσλχχ ξ y
p

mechmech K −∂−==
3
2 . (2)
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4. Numerical model overview 
 As a numerical tool, we use the mixed finite element method [2, 5]. This is efficient way of cir-
cumventing numerical difficulties associated with incompressibility of plastic deformation. 
 We decouple problem into two smaller sub-problems: mechanical, in which temperature is held 
constant and thermal, in which displacements are held constants. Such approach is usually ad-
dressed as isothermal split.  

5. Example 
 In this example we consider necking of the rectangular bar. Specimen is stretched very fast. 
This causes that heat convection to the environment and heat conduction from warmer toward 
colder parts of the specimen can be practically neglected. Therefore, problem can be in essence 
treated as adiabatic. As a result, strong local heating of the specimen occurs due to dissipation of 
heat from plastic deformation. The rise in temperature and accompanying plastic strain is particu-
larly evident through occurrence of the so-called Lüder's shear bands [6]. These shear bands occur 
at approximately 45o degrees to the longitudinal axis of specimen, what corresponds to the planes 
of maximal shear stresses, Figure 1. Problem is frequently addressed to as the adiabatic shear band-
ing and could be placed in the field of material instability. 
 This problem was already analysed in the past, see Armero and Simo [1] in the case of material 
properties independent of temperature. However, to the author's knowledge, this problem with ma-
terial properties as functions of temperature has not been previously analysed in relevant literature.  

6. Conclusions 
Paper presented a formulation for associative coupled thermoplasticity. Such approach effi-

ciently deals with coupling between thermal and mechanical effects that occur during plastic de-
formation. However, this work is far from finished. Further work in this field should be directed 
toward coupling between damage/failure effects and micro-macro phenomena. Rate effects should 
be included. Of further interest is introduction of solid-solid phase change effects. 
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1. Introduction 
 Computational Fluid Dynamic (CFD) is widely used today in design, research and development of hy-
draulic turbines. This is a process where fluid flow domain is divided into many small volumes where gov-
erning equations are converted into algebraic equations, which can be solved. Computational result strongly 
depends on methods used for converting governing to algebraic equations and on the choice of the fluid flow 
domain. Chosen technique depends on available computer resources and on possibility to simplify domain of 
interest.  
 Due to the nonuniform distribution of the incoming water from the spiral casing, no periodicity is ap-
plied in the tandem cascade and runner fluid flow simulation was done for the complete Francis turbine. An-
other reason for simulating entire flow is the strong interactions between the components (especially between 
guide vanes, runner and draft tube). For more accurate results it is inevitable to take care of these interactions 
into the fluid flow numerical simulation, which can only be done by unsteady flow simulation [6]. 

2.  Investigated geometry, computational grid and numerical model 
 Francis turbine fluid flow numerical simulation will be presented. The investigated turbine consists of 
spiral casing, tandem cascade with 10 stay vanes and 20 guide vanes channels, runner with 15 blades and 
draft tube. Geometry definition and grid generation was carried out with the FLUENT preprocessor GAM-
BIT. Final grid is huge and it is decomposed for the parallel processing. Fluid flow analysis of the entire 
Francis turbine was done with the commercial computer code FLUENT, where Reynolds averaged Navier-
Stokes equations are applied on finite volumes. Turbulence is taken into account with the standard k-ε model. 
The computational mesh of the complete turbine is shown in Fig.1 where different colours represent different 
processors.  

 

Figure 1. Computational grid Figure 2. Measured and calculated efficiencies 

 
 



 
 

64

3. Results 
 Numerical simulation and measurements were done for the same specific head ψ (prototype at the head 
H=125m) and different specific flow rates φ. Calculated, model and prototype efficiency are shown on Fig.2 
with the wicket gate opening curve. Calculated results show in average 2% lower efficiency then measured 
ones. This is due to the still coarse grid and limitation of the applied turbulence model.  
Numerical simulation of entire Francis turbine flow for different points of operation shows clearly the influ-
ence of the wicket-gate opening on the draft tube vortex existence and direction at the inlet part of draft tube. 
Vortex changes its direction from clockwise to counter clockwise (Fig.3) when going from small to height 
discharges. It disappears at optimal point of operation lowering draft tube and overall turbine losses.  Another 
vortexes are generated in horizontal part of draft tube due to influence of elbow type draft tube. The main 
part of the whole turbine losses are draft tube losses.  

  

Figure 3. Path lines in draft tube (A0=0.86) Figure 4. Runner static pressure distribution 
(A0=0.86) 

Pressure and suction sides of runner blades are clearly visible and stagnation places on runner blades (Fig.4). 
Pressure differences from the pressure and suction sides are higher at the higher load and these differences 
result in torque on the shaft. The lowest pressures are on the suction side near the trailing edge where cavita-
tions can occurs at the high. 

4. Conclusion 
 Using CFD it is possible to get significant insight into issues such as energy transfer and fluid flow de-
tails in hydraulic turbines. Only the last fine-tuning has to be done experimentally. 
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1. Introduction 
 The shallow water equations are accepted in many practical applications as the governing equa-
tions for the unsteady water flow in natural watercourses and in the case of flooding. For modelling 
a realistic problem it is necessary to use this nonhomogeneous system that includes source terms 
relevant to the varying bed topography.   
 The first emphasis of this work is on using the numerical scheme in which the source term is 
appropriately discretized, so that the balance between the flux gradient and the source term is ob-
tained. The first order scheme developed by Hubbard and Garcia-Navarro in [5] by an extension of 
the standard upwind finite volume numerical scheme based on the Roe’s approximate solver, satis-
fies that balancing property, so we present it and use it in this work. The scheme is applied here to 
both one- and two-dimensional problems. Besides the problem of the correct source term discreti-
sation an additional problem arises if the propagation over the dry bed occurs. We propose here a 
numerical technique that is necessary for appropriate treatment of this problem. This technique is 
crucial for the water flow computations over the natural watercourses. Simulation results corre-
sponding to the test problems in the last section illustrate that the proposed numerical treatment 
successfully handles complex flow domains. 
 

2.  Application of the first order upwind schemes to the shallow water equations 
 The first order upwind Q scheme is used in the paper. The main advantage of the presented 
scheme applied over the irregular bed topography against some other numerical schemes lies in the 
fact that the balancing between the flux gradient and the source term can be obtained. Particularly, 
in the shallow water case the scheme is constructed in such way that it preserves the quiescent 
steady state exactly. The described numerical procedure can be applied to the cells of the wetted 
domain where the hyperbolic conservation law is valid. The problem arises on the moving bounda-
ries of the wetted domain that are, in the numerical sense, made from the cells that are not com-
pletely surrounded by other wet cells. In that sense, the additional problem we consider is the nu-
merical treatment of the wetting front that advances over upward slope. In such a situation some 
adaptations of the numerical scheme are necessary. The corrections we propose are based on the 
idea of a global balancing between the flux gradient and the source term.  
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3. Numerical results 
With the numerical tests presented in this section we want to illustrate the improvements obtained 
when using the balanced scheme against the non-balanced scheme and additionally by the correct 
treatment of the wet/dry boundary. In the paper we present two one-dimensional and two two-
dimensional test problems.  
 

4. Conclusion 
A first order upwind numerical scheme is used for the water flow evaluation over the varying riv-
erbed in one- and two-dimensional cases. To avoid difficulties that arise in numerical computations 
when the water flow propagates over the dry bed an additional technique is presented here. Because 
such situations are natural in the real water flow simulations, the proposed numerical treatment is 
necessary in the practical applications. 
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 Although remarkable advances are being made in flow field calculations using finite difference, 
finite element and also finite volume methods, the surface integral approach of panel methods 
coupled with corrections for compressibility and viscous effects still offers certain advantages [1]. 
For most of high-Reynolds-number flows of interest in aircraft aerodynamics viscous effects are 
confined to thin boundary layers, i.e. the global flow features weakly depend on the Reynolds 
number. If the configuration causes only small perturbations and there are no strong shocks, the 
linearized model of potential flow is applicable. Such flow is governed by the Prandtl-Glauert 
equation: 

 
( )21 0xx yy zzM∞− Φ +Φ +Φ =  (1)

 
where M∞  is the free stream Mach number and Φ is potential of the perturbation velocity. At the 
impermeable surface the following boundary condition is applied 
 

0n V n∞∂Φ ∂ + ⋅ =  (2)

 
 In this paper, Prandtl-Glauert equation is transformed to Laplace’s equation using affine 
coordinate transformation and solved by a panel method, where singularities are distributed over 
the surface of the configuration [1,3,4]. The wing incidence is represented by vortex distributions 
corresponding to pressure differences across the wing. The wing thickness effect is given by source 
and sinks located over the wing reference plane. The body thickness and incidence are simulated by 
line sources and doublets placed along the body reference axis. Finally, the interference effects of 
the wing on the body are cancelled by a vortex distribution on the body surface. 
 
 Computer program, based on presented method was tested on a wing-body-canard aerodynamic 
configuration, in uniform flow at Mach number M∞=0.1. Geometry of the configuration and ex-
perimental results for lift and moment coefficients were taken from the reference [5]. Two cases 
were studied: body-wing configuration and body-wing-canard configuration. The body of configu-
ration was modelled using 50 line sources and doublets, while for cancellation of wing and canard-
induced velocities on the body, 4 x 10 surface vortex panels were used. Both, wing and canard 
were modelled using 6 x 8 surface vortex panels. 
 
 The results were obtained for both configurations at five angles of attack and given in Fig. 1. 
The results are presented in the form of the lift and moment coefficients versus angle of attack. In 
addition, each diagram contains experimental data taken from reference [5], as well as the results 
obtained by methods of project aerodynamics, taken from reference [2]. 
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Figure 1. Results for the two configurations 

 It is clear that project aerodynamics gives slightly better results for the standard wing-body con-
figuration and in the case of wing-body-canard configuration the results obtained by the proposed 
method are in better agreement with experimental data than the results of project aerodynamics. 
The discrepancies between obtained results and experimental data rise with angle of attack, due to 
the simplifications in the mathematical model. 
It can be concluded that the in the case of the non-standard (body-wing-canard) configurations, the 
application of more sophisticated methods is required. Thus, the presented method is expected to 
give better results than the project aerodynamics methods. 
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1. Introduction 
 The paper explores application of bond graph technique to modelling of multibody systems con-
sisting of interconnected rigid and deformable bodies, each of which may undergo large transla-
tional and rotational displacements. In this paper co-rotational approach is used because of its good 
properties [3,4,6]. 
 But why bond graphs? Strength of bond graphs lies in its multidisciplinary paradigm and visual 
expressiveness [5]. It is power flow modelling technique well suited for modelling of mechatronic 
systems.  

2. Co-rotational approach in Bond Graph settings 
 We will start analysing a typical slender multibody link. It will be represented as collection of 
straight plane beam finite elements. Bond Graph model of a beam element is shown in Figure 1. 
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Figure 1. Bond Graph model of a beam finite element based on co-rotational approach 

 Bond Graph model of beam element can be used as building blocks for developing complex 
flexible multibody system models. We will illustrate this point in the next section.  
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3. Model of Kanes's spin up experiment 
 In order to analyse capabilities of Bond Graph approach a problem known as Kanes's spin-up 
experiment was analysed. It is often used as test problem for different flexible bodies models for-
mulations.  
 The model is developed using the component model approach of [5]. The system level model is 
shown in Figure 2. The rotating beam was discretized using ten finite Bond Graph elements. 

BeamGround Free End
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Figure 2. System model of Kanes's spin-up experiment 

 The model was developed using BondSim program [5]. After some experimentation the simula-
tion was executed using rather tight error control. The results obtained are in excellent agreement 
with the results reported in literature.  

4. Conclusions 
 The aim of present work is to show capabilities of the bond graph approach in simulation of 
structural component that is often used in industrial and technological applications. Using co-
rotational approach a Bond Graph model of a two dimensional beam finite element was developed, 
which can be used with confidence for constructing models of planar flexible multibody systems. 
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 The problem of residual stresses in viscoelastic materials has received considerable attention 
in the past. Full mathematical description of viscoelastic processes were published in 1960s, in-
spired by the glass industry. However, the mathematical models were very complex and rarely 
solvable even for the simplest one-dimensional situations. 
     Thermal processing is the dominant mechanism of inducing residual stresses into polymeric ma-
terials, since most are manufactured at elevated temperatures and then cooled to room temperature. 
During this cooling process, the material solidifies and the strain becomes ‘frozen-in’. These fro-
zen-in strains produce stresses in the material after the processing is complete. 
 

a)

b)

c)
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Figure 1. Asymetrical cooling a) deformed shape, b) temperature distribution, c) stress distribution 
after 1100 s. 
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     In this work a method is described for the quantitative prediction of thermally induced residual 
stresses in polymeric materials. A linear viscoelastic constitutive law and the time-temperature su-
perposition principle are used to describe the material behaviour. The convolution integrals arising 
from the constitutive law are solved numerically using the Finite Volume Method to discretise the 
governing equations. In this paper an incremental formulation of the constitutive relations is used. 
     As an example of the method application, the behaviour of a plate shaped polymeric product 
cooled in two different ways is analysed. The test plate was cooled from the fully softened state to 
the room temperature in a controlled environment. The accuracy of the method is demonstrated 
through the comparison with published numerical results. 
 

a) b)

[7]
[7]

Figure 2. Stress distribution at the symmetry cross section 
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1. Introduction   
In spite of numerous and expensive researches in the field of fatigue, cracks and failures

caused by fatigue occur every day in all fields of human activity. Because of that, special attention
should be paid to fatigue crack repairs as well as fatigue crack avoidance. A lucky circumstance
with many fatigue failures is a relatively long crack propagation period from its origin to the final
failure and crack can be discovered easily. What to do with discovered fatigue cracks is a well 
known question in such situations. As the complete replacement can be time consuming and ex-
pensive, and reduction of service loads with existing fatigue crack is dangerous and mostly unac-
ceptable, fatigue crack repairs seem to be the best solution. The necessary steps for a successful re-
pair of fatigue cracked component and application of this procedures is presented with example
from cement industry.  
 

2. Failure description 

The gear wheel was fabricated from cast steel and mounted in two ring parts at the front side 
of the cement mill. After twenty years in service,  the great gear wheel failed due to fatigue (Stu-
palo [3]). When the whole mill plant was stopped and inspected, additional seventeen fatigue 
cracks have been found at the tooth fillets. Joint efforts of alternating stresses, casting errors (sized 
several millimetres to several centimetres) and most likely existence of tensile residual stresses 
caused fatigue cracks initiation and propagation at the critical positions. At several positions, very 

close to the surface, a lot of casting errors 
(pores, slag inclusions, etc.) have been 
found. The cross section of the gear rim 
where complete fatigue failure occurred (fa-
tigue crack No.2), was additionally weak-
ened by decreasing the rim thickness due to 
connecting bolts. The position of the cracks 
is shown on Figure 1. The surface crack 
length varied from 20 mm to 600 mm (total 
failure). Position and size (surface length) of 
each discovered crack were estimated by 
means of non-destructive testing (magneto-
flux method). In order to determine the com-
plete data on crack shape and size and to per-
form repair welding, voluminous work 
(crack removal by arc-air grooving) has been 
undertaken.   
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Figure 1: Detected cracks on cement mill
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3. Stress analysis  
 

Numerical method (FEM) was used to determine the stress distribution at the gear rim. Linear 
elastic model with mesh refinement in high stress gradient areas (tooth fillets) were used. FEM 
mesh and calculated stresses are shown on Figure 2 and Figure 3. 

Calculated maximum stress amplitudes have been found at the tooth fillet, approximately 50 - 115 
MPa, depending on their positions at the surface. These stress values could not be the only reason 
for cracks' initiation and propagation, but in existence of casting errors, weakened rim and residual 
stresses fatigue cracks occurred and propagated from the surface to the depth of the rim. 

 
4. Repair procedure 
At several positions, very close to the surface, a lot of casting errors (pores, slag inclusions, etc.) 
have been found, Fig.1. The cross section of the gear rim where complete fatigue failure occurred 
(fatigue crack No.2), Figure 1, was additionally weakened by decreasing the rim thickness due to 
connecting bolts. 

In spite of great number of cracks and one complete failure of gear ring, repair welding was per-
formed. All necessary steps for the best quality insurance (best welders, best welding rods, pre-
heating, very slow cooling conditions, NDT inspection following every layer, hammering of all 
layers, etc.) have been respected and documented. 

All described activities took two months and cost approx. $50 000, instead of $300 000 for new 
gear ring and four months for its delivery and montage. Three years after repair and frequent con-
trols during the service, no further cracks have been reported. 
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1. Introduction 

 Boundary conditions can have an important effect on the simulation results. Inappropriate use of 
boundary conditions can significantly distort the results, which could in case of open channel and 
shallow water models lead to seriously over or under-estimated water levels and flooded areas.  
 As it is always necessary to choose the appropriate boundary condition type, it is sometimes 
also very important to have them sufficiently distant from the domain areas of specific interest 
(noted also in [2]). This means the computational domain sometimes needs to be larger than the 
physical domain, so the modeler could be assured that no possible specific boundary-condition-
based effects would alter the result at the domain area of interest.  
 The outflow boundary conditions used for the survey presented in this paper were discharge - 
water depth dependency function for 1D open channel model and nonreflecting (transmissive) 
boundary condition for 2D shallow water model. Simulations were carried out with software pack-
age SOPEX STRIPP12, used for river flow and flooding simulation. 
 Since the principal aim was to examine the influence of the outflow boundary and referent point 
vicinity in the process of practical modeling, a real test-case was used. Section of the river Kupa in 
the Kuželj village (near Brod na Kupi, Croatia), originally modeled for the purpose of a technical 
report [3], was chosen as a suitable geometry. 
 In order to avoid other possible modeling problems, only steady states were computed, the nu-
merical scheme used was balanced Q-scheme (one of the most robust and extensively tested cur-
rently available) and the flow was always subcritical. 
2. Outflow boundary condition in 1D open channel model 

 A cross-section positioned in the middle of the domain was chosen as the location of interest. Its 
distance from domain end (i.e. outflow boundary) was varied by domain shortening and the influ-
ence on the computed water levels was observed. 
 Outflow boundary condition used for 1D model was discharge - water depth dependency func-
tion given by Manning formula ([1]). Analyzing Manning formula and the results presented in the 
paper showed that only when the domain outflow is placed at the beginning of a long channel sec-
tion with constant geometry (for example man-made channel) the computed results would not be 
influenced by outflow boundary position. For the test-case used in the paper, the results were nota-
bly influenced by the outflow boundary condition along the downstream 2/3 of the domain.  
 It was concluded that the increase in the domain length would principally stabilize the computed 
water levels, which could help the modeler to iteratively determine the adequate domain length for 
which the water level would settle. This method would still be quite impractical and the results 
probably still shouldn't be taken without caution. 
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3. Outflow boundary condition in 2D shallow water model 

 2D model of the selected section of river Kupa was considerably bigger and built with more de-
tail than the 1D model. A single numerical node in the middle part of the domain was chosen as the 
location of interest and simulations for three domains with different sizes were performed. Analo-
gously as in 1D open channel testing, the domain was progressively shortened in the downstream 
part of river Kupa. 
 Outflow boundary condition used was nonreflecting boundary condition, which inserts fictive 
cells along the domain boundary, i.e. outside of it. In these cells extrapolation of the zero order is 
applied, meaning the values of water depth and velocity in them are kept equal to the values in 
neighboring cells inside the domain.  
 Since the computed water levels at the location of interest were dramatically influenced by the 
domain size, outflow boundary cells for each of the 2D domains were checked up. The investiga-
tion showed that the computation results could only be regarded as reliable when the domain slope 
at the outflow boundary cells is nearly equal to the slope of the channel geometry downstream of 
the outflow boundary. If riverbed geometry has a varying, irregular slope (as in natural open chan-
nels), the only solution is to somewhat enlarge the numerical domain and consequently distance the 
domain area of interest from the outflow boundary.  
4. Conclusion 

 The results shown in the paper indicate that discharge - water depth dependency function for 1D 
open channel and nonreflecting outflow boundary condition for 2D shallow water models strikingly 
influence the computed water levels almost along the whole of the domain. 
 Since both 1D and 2D outflow conditions used in this paper fictionally generate uniform flow 
downstream of the domain boundary, outflow boundary should be positioned either in the lengthy 
channel section along which the actual flow is predominantly uniform, or sufficiently away from 
the location of interest. Results presented in this paper suggest that sufficient distance for this 
would be huge, which indicates that further investigation of this problem is needed. 
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1 Introduction 
One of the basic characteristics of the comfortable sitting is the magnitude of the pressure with its 
distribution in the contact regions. The sitting pressure takes effect to the bulked muscles and long 
bones. Its influence trough long-time duration can cause changes in soft tissues and skeleton. It is 
known that magnitude variations of pressure on contacting surfaces have influence on blood circu-
latory system of sitting surfaces. A lot of jobs demand continuous sitting or the standstill position 
of any body parts. During static measurement of sitting pressure it is noticed that even very small 
displacements of any human body parts cause significant pressure variation [1 - 6]. The influence 
of redundant movements on the magnitude and distribution of sitting pressures has been deter-
mined. 

2 The force-measuring equipment 
The measurements of the sitting pressure were performed on the specially developed seat, with the 
pressure transducers in form of an indentor with diameter of 8 mm. The measurements were per-
formed with the one-axial strain gauges type FLA –3-11, length 3 mm; three-channels amplifier 
type KWS 3082A (HBM); and an analogous/digital converter Multifunction Board PCI 20428-3A.  

3 Results of measurements 
The measurements of the magnitude variations of sitting pressure caused by movements of arms, 
legs, head and body even caused by speaking were carried out. Applying Microsoft Excel, and own 
developed software application for analysis of the recorded data calculated the measured forces. 
The results are shown as function “force-time” in figures. For example, the results that are obtained 
in the sitting posture by moving of legs “forward-backward” are shown in Fig. 1; and by moving of 
legs to “under seat” in Fig. 2. Influence of speaking on the magnitude variation of the sitting force 
is measured by pronunciation of words ˝dobar dan˝ (“good day”) and the results are shown in Fig. 
3; and by words ˝tik-tak˝ in Fig. 4. 
 

 
Figure 1. Moving of legs “forward-backward” 

 
Figure 2. Moving of legs to “under seat” 
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Figure3. Pronouncing the words ˝dobar dan˝  

             with sound intensity of max. 75 dB 

 

Figure 4. Pronouncing the words ˝tik tak˝ with  
    sound intensity of max. 71 dB  

4 Conclusions  
The influence of the redundant moving on the magnitude variations and distribution of sitting pres-
sure should be obtained from the measurements on the full sitting surface. From conducted re-
search and measured results it can be concluded: 
•  Movements of arms and head have relatively small influences on the magnitude variations of 

the sitting pressure. 
•  It is very interesting fact that the magnitude variations of the sitting pressure caused by loud 

speaking and deep respiration were bigger than the magnitude variations of the sitting pressure 
caused by quickly movements of arms and head. 

•  At passive sitting, the isometric loading of the leg muscles has a significant influence on the 
magnitude variations of the sitting pressure. 
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1. Introduction 

 In civil engineering practice, numerical modelling of reinforced concrete and prestressed con-
crete structures is mainly used as a tool for the assessment of the structural safety of non-standard 
reinforced and prestressed concrete structures and has been studied by many authors. This paper 
presents a numerical treatment of reinforcing bars and prestressing tendons in three-dimensional 
(3D) numerical modelling of reinforced and prestressed concrete structures according to the work 
performed in Ref. [1]. The equations of the finite element method have been obtained from the in-
cremental form of the principle of virtual work [2]. The influence of the prestressing tendon on the 
concrete is modelled by distributed normal and tangential load along the tendon and the two forces 
concentrated on the anchors. Tendon can be prestressed on one end or at both ends. The prestressed 
equivalent nodal forces are computed to get the contribution of the prestressing to the global stiff-
ness. The developed model makes it possible to compute the friction losses which result from con-
crete deformation and losses in the anchorage zone.  
 The described modelling of the reinforcing bars and prestressing tendons in 3D is implemented 
in the computer programme PRECON3D, Ref. [1].  
2. Short description of the proposed model 

 The proposed model for the numerical treatment of reinforced and prestressed concrete struc-
tures consists of 3D concrete elements with embedded reinforcing bars and/or prestressing tendons. 
The 3D isoparametric 20-node elements are used for concrete modelling and 1D isoparametric 3-
node elements are used for reinforcing bars and prestressing tendons modelling.  

 
Figure 1. 3D concrete element with embedded 1D bar or tendon element 
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 The reinforcing bars and prestressing tendons are treated as separate 1D elements embedded 
into 3D concrete elements so that their displacements are consistent with the parent element. 
Within this modelling the basic assumptions are: (1) the reinforcing bars or prestressing tendons are 
modelled with 1D isoparametric element whose node coordinates are defined in the global coordi-
nate system; (2) the bond between concrete and bars or tendons is perfect, i.e. the slip behaviour is 
neglected; (3) the bar or tendon element can take only axial force. 
 The tendon position is determined by nodes whose coordinates are defined in a global coordi-
nate system. In order to ensure the continuity between tendon elements, the boundary nodes have to 
be placed at the intersection point of the tendon and boundary plane of 3D concrete element. The 
1D tendon element geometry is described by space function of the second order. 
 The prestressing forces depend on the intensity of the prescribed forces on the anchorages and 
instantaneous as well as time-dependent prestressing losses. In the actual model, implemented in 
the computer programme PRECON3D, only the losses due to the friction between the tendon and 
concrete is taken into account. The prestressing force values on the ends are known, so, the influ-
ence of the prestressing in the internal points of the tendon should be determined. In accordance 
with the finite element method approach [3] the acting forces, continuously distributed normal and 
tangential load along the tendon and the two forces concentrated on the anchors, have to be trans-
ferred into the nodes of the 3D concrete element. So, we have to determine equivalent nodal forces 
due to anchorage forces and due to the distributed load along the tendon. The described modelling 
of the reinforcing bars and prestressing tendons in 3D is implemented in the computer programme 
PRECON3D. The performance of the proposed model is illustrated by the solution procedure of 
one example, published in Ref. [4]. 
3. Conclusions 

 This paper presents a numerical treatment of reinforcing bars and prestressing tendons in 3D 
numerical modelling of reinforced and prestressed concrete structures. The advantage of the pro-
posed modelling is complete freedom in prescribing the location and geometry of reinforcing bars 
and prestressing tendons.  
 The described modelling of the reinforcing bars and prestressed tendons in 3D is implemented 
in the computer programme PRECON3D [1]. The numerical example, prestressed girder clamped 
at one end and freely supported at the other end is given to illustrate some of the possibilities of the 
developed model. The obtained results show good agreement with the published one, analytical and 
numerical, in Ref. [4].  
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Abstract 

 A residual stress field caused by welding influences the fracture resistance of welded joints in 
the as-welded condition. Residual stresses are not present on small-scale fracture-toughness speci-
mens cut from welded joints. Wide plate (WP) specimen is designed to be sample of a pre-cracked 
welded joint were the residual stresses are included, too. Therefore, the fracture toughness data 
which are experimentally determined on WP specimens reflect the effects of residual stresses. For 
all that small-scale fracture-toughness specimens are usually used for the experimental fracture 
toughness determination of welded joints in the laboratory practise. 
 According to the recommendations and standards cracks on CT and SENB specimens should be 
prepared by using cyclic loading in the displacement-control mode. A reliable control of the load-
ing amplitude is possible and so the control of fatigue-crack progression because stiffness of these 
specimens decrease to a high degree when crack propagate. It was necessary to find out how the 
stiffness of a WP specimens would change if fatigue crack propagated during cyclic loading of WP 
specimens. Therefore the stiffness of a plate due to crack propagation was analysed in order to pre-
pare cracks on WP specimens with a multi-pass butt-welded joint in the as-welded condition. Load-
ings in the load- and in the displacement-control mode were taken into account. 
 WP specimen and the model of this specimen used in the research were as follows 
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SENB specimen was used to determine allowable stress level on WP specimens during precracking 

S = 4W

W = 2B

B
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 F

 
 The stiffness of WP specimen is defined as  

u
Fk

δ
δ=  

F is loading while u is displacement at the point where loading is applied to the center-cracked 
plate. 
 The stiffness of a 17.5 mm thick, 150 mm wide and 350 mm long center-cracked plate against 
the crack size a − a0 at three different assumptions is shown in the figure. The initial crack size is 
α0 = 34.5 mm while the final one a0 + 3 mm = 37.5 mm.  
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 The stress intensity range and crack propagation rate increase during cyclic loading of the 
plate because stiffness decreases when cracks propagate. The loading range is constant if the plate 
is loaded in the load-control mode, whereas it decreases if the plate is loaded in the displacement-
control mode. The stress intensity range and crack propagation rate increase in the displacement-
control mode but by one third less than in the load-control mode. Crack propagation control on WP 
specimens will be, therefore, easier. 
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1. Introduction 

 

The important criteria in evaluation of  bent components is the bending angle. The relative 
bending angle error may represent the measure of angle accuracy of the bent parts. 

wz

wz
aO

α
αα −

= 2   

where we have: α 2 −  bending angle after withdrawal of pressure; α wz − die angle 
There are three types of die bending: opened, half-opened and closed, see Fig. 1 

 
Figure 1. Die designation 

2. Precision bending in two stages 

 

The precise bending in two phases is presented on the figure 2. 

 
 

Figure 2. The precise bending in two stages 
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In the first stage the workpiece has greater radii then it is needed (early stage of bending), but after 
that, the workpiece is bended with demanded radii (final stage of bending).  
Although is the cost of bending in two stage greater then in one bending stage, this has advantage 
in economical sense by small and medium series, because there is no supplementary finishing of 
the tool. By great series, it is accomplished through corresponding disposition of the tools (figure 
2). The punches for early stage of bending and final bending are side by side. The width of the 
punch is equal to the width of the workpiece. After early stage of bending the workpiece is put be-
neath the punch for final bending. In next phases i.e. punch motion the both operation are per-
formed simultaneously (on one workpiece the early stage of bending, while on the other the final 
bending). On this way it is reduced the time that it almost as by bending in one stage. 
The dependency of relativ error of the bending angle Oa from specific maximum force Fmax/b are 
presented by bending in two stages on the figure 3. The width of the tool is w=20 mm, material St 
1403 and thickness is so= 0.75 mm. 
 

 
 

Figure 3. The dependence of relative error the bending angle from specific maximum force by bending 
in one stage as well as in precise bending in two stages by bending in half open tool 900-V 

 
When the workpiece is bended with the radii rSt= 6 mm (full line), where this correspond with the 
radii of the workpiece, then the relative error changes as it is expected by bending with the width of 
the tool w<wopt. It is decreased in the field of lesser specific force, firstly very strong, and later 
achieved constant value by Fmax/b = 80 N/mm. 
If it is applied  rSt=7mm instead of rSt=6, then the form of the curve is similar (dotted line). All the 
same, the relative error is significantly greater. If that workpiece is firstly bended 
With Fmax/b = 50 N/mm and bending radii rSt=7mm and after that it comes the final bending with 
radii rSt=6 mm the curve has form of that dot line on figure 3. 

 
3. Conclusion 

 

Bending die geometry is obtained out of requirements regarding geometry of the bent compo-
nents and their size. These parameters give in advance minimal and maximal sizes of the bent 
components. Shape of die, its width, curvature of the bottom die part, upper die angle and its radius 
and width exert influence on accuracy of bending. 
This paper analysis the influence precision bending in two stages 
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Abstract 
 In the last decade the extensive fracture toughness testing of welded joints with the crack lo-
cated in the heat-affected zone of structural steels was performed [1, 2]. Many investigations of 
fracture behaviour show that unpredictable fracture behaviour of specimen with crack tip located in 
HAZ can occur. The reason for such behaviour may lie in the HAZ microstructure heterogeneity 
and existing of local brittle zones (coarse-grained heat affected zone - CGHAZ). The spreading of 
stress and strain fields in the vicinity of crack tip, which is located in the HAZ, may be analysed 
very effective by finite element calculation [3]. The aim of this paper is to determine the effect of 
different crack tip position in HAZ on crack driving force and consequently on fracture behaviour 
of strength mismatch fracture toughness specimen.  
 High strength low alloyed HSLA steel (with thickness of 40 mm), corresponding to the grade 
HT80, was used as the base metal (BM) in a quenched and tempered condition (Q+T). Three dif-
ferent overmatched X-grooved multi-pass welded joints are studied (so-called mismatch factor 
M=Rp0.2WM/Rp0.2BM). The first was pure homogeneous with 21% higher yield strength related to BM 
(Fig. 1a). The second and the third joint were heterogeneous with two root passes welded by wire, 
which ensures 13% overmatch with the root height of 9 mm (Fig. 1b) and 14 mm (Fig. 1c), respec-
tively. The rest passes were filled also by electrode with 21% overmatch. 
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Fig. 1 Homogeneous 1 a), inhomogeneous 1 b) and 1 c) strength overmatch X-welded joints 

 Three-point bend test specimens (a/W=0.3) with 36 mm of thickness were extracted from the 
welded joints. Fracture toughness tests were performed according to BS 7448 [4]. Finite element 
analyses were performed to calculate the magnitude of maximum principal stress, what may serve 
as a global parameter by assessment of material resistance with respect to brittle fracture.  
 The results for principal stresses distribution shown that highest maximum principal stress is 
reached just under the HAZ crack tip in direction of BM. Higher stresses are observed in the hard 
HAZ than in the softer WM. The stress will reach its peak value at a distance less than two times 
the local CTOD.  
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 Therefore, presence of the overmatched weld root pass effects to stress-strain distribution at the 
vicinity of a crack tip. It can be expected that an increasing of stresses in HAZ can increase risk of 
brittle fracture at the HAZ which may have a low fracture toughness. If the brittle fracture in HAZ 
does not occurs, the initiation and growth of stable crack propagation are governed by local plastic-
ity in the base metal. Analysis confirmed that overmatching of 13 percent in the root pass, it is not 
enough to ensure the crack path deviation towards ductile base metal, while the overmatching of 22 
percent it does. The yielding is directed from the HAZ toward base material, but HAZ with its high 
strength restricts further plastic deformation and locally raises the stresses.  
 Numerical analysis shows that changing of crack tip position has a significant effect on fracture 
behavior in elastic and plastic loading range. Significantly low effect on fracture behaviour has 
changing of amount of overmatching weld metal in root layer. Obtained results give principles for 
idealization of finite elements modelling of fracture behavior of welded joints. 
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Fig. 2 Stress opening σx and equivalent stress σeq fields in the vicinity of the crack tip 
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Abstract 
This paper presents the results of the numeric and laboratory tests of the «T» section of EPS 

concrete-timber composite ceiling structures. Sheared connections of EPS concrete board and 
timber girder elements have been tested in several different ways by means of mechanical 
connectors. Shearing forces in the connection plane were assumed by means of dowels, then by 
means of nails, and by gluing the connection of EPS concrete and timber with epoxy glue. 

All the tests were numerically modelled by means of FEA software COSMOS/M 2.8 and the 
results were compared with those of the laboratory tests. 

Application of these structures in civil engineering practice is multiple, particularly in 
reconstruction of old timber girder floor structures or manufacture of new ones at the 
reconstruction of old buildings in areas exposed to frequent earthquakes. 

1. Introduction 
At the reconstruction of ceiling timber 

structures, they can be strengthened with 
reinforced concrete board composed with 
the existing timber girder. The new 
lightweight EPS concretes weighting 1200 
to 1400 kg/m3 provide new possibilities of 
application in composite structures.  

In efforts to test and determine the rules 
of behaviour of such structures at static 
loads, several types of dowels were tested in 
the laboratory. The tests were carried out 
within the framework of the scientific 
research program supported by the Ministry 
of Science and Technology of the Republic 
of Croatia. 

2. Lab tests 
Sheared connections of a timber beam 

and an EPS concrete board were done for 
four different cases of connections in the 
connection plane, see Fig. 1. 

In Type 1, the connection was done with 
Ø25 mm steel dowels placed, two of them 
in a single section. 

Fig. 1. Types of Timber-EPS concrete composite beams 
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The distance between the dowels in longitudinal direction was 200 mm. In Type 2, the same 
Ø25 mm steel dowels were used, but they were placed alternatively, 1 dowel in section, at 
distances of 200 mm. In these two types, the holes for dowels were of a slightly larger diameter 
than dowel diameter. Epoxy glue was placed in the holes and then the dowels were installed. 
In Type 3, Ø6 mm nails were used for connection. In a single section, three nails were driven in up 
to the depth of 100 mm. Mutual distance between the nail groups was 100 mm. 

Type 4 was tested with the connection by means of epoxy glue placed on timber beam elements 
directly before placement of EPS concrete. 

Very high differences were obtained by laboratory test of each of the aforesaid types 
until failure as presented on diagram (Fig. 2). Types 1 and 4 have shown the best bearing 
capacity characteristics until breaking, while Type 3 with the nails yielded the worst test 
results. 

Failure of all the tested types occurred by exceeding the tensile strength of the 
laminated timber beams. 
 
 
 
 
 
 
 

Fig. 2: Force – deformation ratio until failure, for tested types 1 to 4 

3. Conclusion 
Timber – EPS concrete composite structures account for relatively simple and inexpensive 

structures usable in repair or reconstruction of old timber beam ceilings. Such a combination is 
very advantageous for use in areas exposed to frequent earthquakes, where as lightweight structure 
as possible needs to make sufficiently solid and strong solution of floor structure strengthening. 
These solutions contribute to the general stability and solidity of buildings where such structures 
are applied. 

By composite timber – EPS concrete structures, the floor structure bearing capacity is increased, 
and deformations for maximum exploitation loads are reduced. 

The laboratory tests have shown that the use of epoxy glue as connection between EPS concrete 
board and timber beam is the best connecting solution. 

Use of nails in connection plane for transfer of shearing forces of connection has brought the 
worst results and is not recommended for use in civil engineering practice. 

All the numerical tests have shown very good compliance of the results with the results obtained 
in the lab. This provides additional certainty to the results of this scientific research. 
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1. Introduction 
 Bending of beam structures is rather frequently addressed in technical practice. Despite being 
adequately and thouroughly analysed, a very limited number of analytically deduced solutions are 
known considering elasto-plastic bending. In this paper, however, elasto-plastic bending of beam 
structures, with rectangular cross-section area and elasto-plastic material with no hardening 
assumed, is investigated. The particular solutions derived under the assumption of at most 
parabolic bending moment distribution enable fully analytic tracing of the elasto-plastic state 
evolution in structural components by proportional application of loads to a structure. 

2. Formulation of elasto-plastic beam bending problem  
 Considering the Bernoulli-Navier assumptions, material elasto-plastic properties constant and 
isotropic, with no hardening, but equal yield stress in tension and compression, the following 
differential equations  
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governing deflection of a beam, can be deduced for a beam of rectangular cross-section. Me and Mp 
are respectively values of the limit elastic and fully plastic bending moment.  

3. Elasto-plastic solution of governing differential equation 
 Particular solutions to the above equations can be explicitly derived for at most quadratic 
moment distribution assumed. By enforcing the obtained general form solutions to fulfil boundary 
conditions and continuity conditions between elastic and elasto-plastic regions, analytical solutions 
specific to particular structural loading cases can be readily obtained.  

4. On mechanical response properties by elasto-plastic loading 
 With the stress resultants known the plastic domain Ωp as well as spreading of the plastic zone 
through the beam height are uniquely defined. For statically determinate structures it is also 
characteristic that neither distribution nor magnitude of the internal forces along the structure are 
influenced by the presence of plastic strains in the structure. Regardless of the material behaviour 
and non-linear stress distribution across a cross-section the internal forces are increased 
proportionally by a proportional increase of the applied loads. On the contrary, the described 
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property is not valid for statically indeterminate structures. With ongoing of the plastic deformation 
the bending stiffness is actually subject to a continuous variation, affecting thus reaction forces to 
vary in a non-proportional way in spite of the proportional application of external loads. In 
consequence, the internal forces are changed non-proportionally as well.  

5. Numerical example 
 Mechanical response of a simply supported overhanging beam, subject to a concentrated force 
F (F≥0) at the free end and to a uniformly distributed load q (q≥0) between the supports is 
considered in detail. Of importance for the evolution of the plastic strains, along with the increase 
of the loading parameter λ, is as well the given ratio ψ between the two loads. It is actually this 
ratio that defines, by fixing location of a maximum bending moment, the position of the first plastic 
yield. Gradually increasing loadings for three characteristic load ratios, yielding different patterns 
of plastic zone propagation, were considered until the structure´s collapse. In Fig. 1a the respective 
plastic strain evolution, as the load level is increased within interval λe<λ≤1 is plotted for such a 
load ratio ψ=ψ2 that leads to occurrence of two plastic hinges at the same time. From the graphical 
representation of the respective deflection curves in Fig. 1b, considered for the limit elastic and 
fully plastic load levels λ=λe in λ→1, degradation of the structure´s functionality can be 
qualitatively visualized, with asymptotic approaching to the state of collapse clearly indicated.  

 
Figure 1: Elasto-plastic state evolution for the characteristic value of load ratio ψ=ψ2 

(a) plastic zone propagation with regard to the increasing load level λ (λe<λ≤1), 
(b) deflection curves at limit elastic (λ=λe) and fully plastic load levels (λ→1). 
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1. Introduction 
 An attractive approach to shape optimization is offered by combining the design element tech-
nique and suitable design elements, for example, Bézier bodies, [3]. By this approach the geometri-
cal body defined by the hull of the structure is divided into simpler geometrical objects called the 
design elements (DE). These can be parameterized in a rather simple way and the finite elements 
are then defined in the domain of the design element (Figure 1) rather than directly in the real 3D 
space. In that way we get some kind of a ‘convective’ finite element mesh, following automatically 
the geometry changes of the structure. 

 

Figure 1. A FE is mapped from the DE domain to real 3D space 

 By this approach finite elements (FE) virtually of any kind can be employed. But, since the 
shape of the structure may vary significantly, it is a good idea to select an adequately accurate bar 
or beam element (see e.g. [2]) which accounts for kinematic nonlinearities. In that way possible 
structural stability problems are adequately captured and can be handled appropriately. 

2. Shape parametrization and the design problem 
 Let us consider a skeletal structure S  and let the hull of the structure be the surface of the 
geometrical body B  (Figure 2). 

 

Figure 2. The hull of the structure defines the body B that is divided into design elements Di 
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 Depending on the complexity of the shape of S , B  can be regarded as assembled of any num-
ber of design elements iD . For several reasons described in more detail in [3], we take the design 
element iD  to be a Bézier body. 
 A Bézier body D  can be regarded as the image of a unit cube U  mapped into the real 3D space 
(Figure 3). The position and shape of D  is fully determined by the position of its control points 

ijkq . A change of the position of ijkq  changes the position and shape of D . 

 

Figure 3. Shape and position of D is determined by the control points qijk 

 The coordinates of the control points ijkq  can be defined in dependence of a relative small 
number of parameters – the design variables assembled in the vector b . Thus, by varying the val-
ues of the design variables b , the shape of the whole structure is varied. Once this is done, it is not 
very hard to formulate the optimization problem in a standard form. Such a problem can then be 
solved by any suitable method (e.g. [1] and [4]). 

3. Numerical example 
 As a numerical example let us just mention a shape optimization problem of the bridge shown 
in Figure 4. The shape of the bridge as well as the cross-sectional properties of beams and bars 
have been made dependent on 17 design variables. Displacement and stress constraints have been 
taken into account while minimizing the weight of the structure. 
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Figure 4. Initial (left) and final (right) design of the bridge 
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1. Introduction 
 There are not so many experimental investigations on inelastic deformation at low temperature 
as reported by the author [1]. This paper reviews the several experimental results of stress-strain re-
lations of stainless steel SUS 304 at low temperature for creep loading on the basis of the authors' 
experimental results [2] and [3]. The characteristic behaviour of creep deformation at low tempera-
ture is experimentally examined. 

2. Experimental procedure 
 The testing machine has two hydraulic actuators which are mounted on the upper and lower 
parts of the machine. The upper and lower actuators give torsional and axial loads, respectively, to 
specimens through the double cylinders. Thin-walled tubular specimens are used in low tempera-
ture tests. A specimen is cooled by liquid nitrogen in the cooling bath. The low temperature states 
of 77 K are attained by liquid nitrogen. The strain of the specimens under loading conditions is 
measured by the image processing method of the grid patterns attached on the surface of the at-
tachment of the specimens. The detailed testing system is previously reported by the authors [4]. 

3. Experimental results and discussions 
 Figure 1 is tensile creep strain curves at different stress levels against holding time. Large creep 
strain is observed in the range of 600 MPa to 800 MPa, but creep strain is small in 900 MPa to 
1100 MPa. The creep deformation dose not depend on the magnitude of holding load, but the hard-
ening rate of plastic deformation. Similar tendency is found in the results of compressive and tor-
sional loading. The creep strain rate just after holding stress is approximately equal to the plastic 
strain rate at the holding stress. The creep strain stops after long holding time. 
 Creep strain has plastic hardening effect as plastic strain. The magnitude of plastic hardening by 
creep strain is denoted by ∆σ of the stress-strain curves. The relation between creep strain rate and 
plastic hardening magnitude ∆σ is represented by linear line as shown in Fig. 2. The relation is ob-
tained by the following equation: 
 

*ln kρ α σ= − ∆  (1)
 
where the notation α* is creep strain rate at the start point of holding stress and the notation k is the 
gradient of the linear relations. The value k depends on stress values. 
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Fig. 1 Tensile creep strain curves at different 

stress level 
Fig. 2 Relations between plastic hardening rate and 

creep strain rate 
 

4. Conclusions 
 Creep deformation of stainless steel in liquid nitrogen is experimentally investigated by subject-
ing thin-walled tubular specimens to axial and torsional loads. 
(1) The creep strain gives rise to plastic hardening. The hardening magnitude by creep strain is the 
same as plastic strain. 
(2) The creep strain induced by holding stress is related with the plastic strain rate at the holding 
stress. 
(3) The creep strain rate has a linear relation with plastic hardening magnitude in logarithmic repre-
sentation. 
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1. Introduction 
 In this contribution, the effect of isotropic and kinematic hardening responses on the load-
displacement behaviour of shell structures is analysed. The basic equations for finite strain plastic-
ity and the material model of small strain formulation are presented. The same isotropic hardening 
law is assumed for both formulations, while the Prager equation for kinematic hardening is used for 
the small strain model and the finite strain model employs free-energy based kinematic hardening 
formulation. Integration algorithms at material point level of a finite element formulation employ a 
closest-point projection scheme together with a consistent elastoplastic tangent modulus [1,2].  

2. Material model 
 In order to describe the inelastic material behaviour, an elastic domain E described by convex 
yield function φ  is assumed 

}0),,(:),,{(: ≤= YYΕ qτqτ , (1)

where τ is the Kirchhoff stress tensor, q is the back stress tensor describing kinematic hardening 
and Y is the internal variable, which describes isotropic hardening. As usual for metal plasticity, the 
von Mises yield criterion is assumed 
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H is the isotropic hardening parameter, Z is the internal variable energy conjugate to Y and σ∞, σY 
and η are the material constants. ξ  is the relative stress deviator defined as qτξ −= . 
 There are certain differences between the small strain and the finite strain theory in definition of 
kinematic hardening. In the finite strain formulation a new internal variable bq is assumed in the 
following form 

,11 −−= FFFb pq  (5)

where bq is the internal variable energy conjugate to the back stress tensor. By using the classical 
thermodynamical arguments the explicit expression for the back stress tensor is obtained 

q
q b

bq
∂
∂

−=
ψρ . (6)

 The small strain theory model uses a linear kinematic hardening expressed by Prager equation  
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ξq λk
3
2

= , (7)

where q represents the back stress tensor rate, k the kinematic hardening modulus and λ  the plas-
tic multiplier rate.  

3. Numerical examples 

 

 

 

 

 

 

 

 

Figure 1. Scordelis-Lo roof: parametric analysis of the kinematic hardening parameters 

4. Conclusion 
 This paper deals with a comparison of the small and finite strain formulation, especially with 
the influence of the isotropic and kinematic hardening responses on the elastoplastic behaviour of 
shell-like structures. Numerical examples show a relative good agreement of the results for the 
elastic ideal-plastic and the isotropic hardening responses. Special emphasis has been made to the 
comparison of the kinematic hardening responses at the small and finite strain formulation. It is 
evident that the similar elastoplastic behaviour can be found for both hardening formulations by ad-
justment of the kinematic hardening parameters. Although the aforementioned examples have 
mostly been used in the literature for large strain analyses, it is obvious that the presented examples 
do not exhibit large strain behaviour. 
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1. Introduction 
 A product-package system typically consists of an outer container, the cushion, the product, and 
a critical element. The critical element is the most fragile component of the product (e.g. electric 
boards). It is the part that is most easily damaged by a mechanical shock or by vibrations. The goal 
in distribution packaging is to provide a correct design for packaging so that its contents arrive 
safely at its destination. Vibration is associated with all transportation modes, although each mode 
has its own characteristic frequencies and amplitudes. The most troublesome frequencies are below 
30 Hz because they are most prevalent in vehicles and it is difficult to isolate products from them. 

2. Bond Graph Model development 
 A simple packaging system model was designed consisting of container body with a cantilever 
beam as the critical element carrying a device at its end. The package container plate was fixed on 
the table of a testing machine used for vibration testing of the package. The mathematical model of 
the package was developed using the bond graph methodology (Figure 1). 
 

 

Figure 1. System level model of the Package system 

 
 It is shown how the bond graph model of typical vibration testing set-up can be developed 
within the bond graph programming environment. Using basic data from actual test performed on 
vibration table, a frequency response of the system was generated to simulate a typical laboratory 
vibration testing procedure. The goal was to predict the system’s behaviour under vibration testing 
by simulation based on a model of the package system. 
 Further goals of this work were to show capabilities of Bond Graphs based approach in Com-
puter Aided Total Packaging Distribution Design process. The complete design/testing process 
should be speeded up by continuous evaluation by simulation after each design/change step so that 
finished package design should meet design objectives, and enable that those expensive parts 
(products) are not destroyed during testing process (e.g. testing for resonant frequencies). 
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3. Results of Simulation 
 Based on the spectrum of input and output signals found by simulation the transmissibility 
(magnification factor) was calculated as Q = 1 + (Aoutput/Ainput). It was done for the frequency range 
of 1 to 50 Hz and results are shown in diagram in Fig. 2 in log scale. 
 Comparing result (32,9 Hz) obtained by simulation and result obtained on vibration table 
(26,777 Hz) it can be seen that results are close to each other. It has to be emphasized and taken in 
consideration that simulation model applied was relatively simple (boundary conditions were sim-
plified and it would be necessary to applied detailed model of boundary conditions). Nevertheless it 
can be concluded that results are very favourable and this work proves that method applied can be 
used for determination of dynamic properties during the product design process (computer aided 
total Packaging distribution design process) before specific product (part, component) is manufac-
tured. On that way a need for intensive testing is reduced on those cases (except for) where and 
when it is absolutely necessary (e.g. because of security reasons and when hazardous situations are 
in question). 

4. Conclusion 
 The BondSim system has been used for problem solving described in this work. It is designed 
as compact modelling framework based on the object-oriented approach in a visual environment. 
The functional model representation is based on bond graph methodology. The final system model 
is generated in symbolical form. Based on the model created BondSim produces mathematical 
model in the form of the system of differential algebraic equations. Simulation of the system be-
haviour is based on solving differential algebraic equation using suitable methods. Simulation re-
sults show close agreement with results of testing of the package on the testing machine. 
 The program BondSim is available from the second author. 
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1. Introduction 
 The development of optical 3D shape measurement methods is rapidly gaining importance as 
industry raises its demands in high technical performance of final products, short production times, 
low manufacturing costs and the overall product quality. This development can be clearly wit-
nessed by the vast number of research papers published in the last 20+ years [1] as well as by the 
number of commercially available measurement sensors [3]. During that time, not all efforts were 
engaged in the inventions of new measurement technologies, but were mostly dedicated to the re-
finement of the existing knowledge thus improving the measurement accuracy of the existing sen-
sors.  
 Nowadays, there are two mainstream non-contact optical measurement techniques that are well 
established with high technical and economic performance, based upon projected fringe and laser 
scanning methods.  
 In this paper, the assessment of the structured light and laser scanning methods in 3D shape 
measurements that are the core technologies of currently widespread 3D measuring sensors will be 
presented and critically observed. It will be done by analyzing basic principles of core technologies 
and potential sources of error of both mentioned methods, together with their current stage of ap-
plication and achieved measurement accuracy on commercially available shape measuring sensors. 
Advantages and disadvantages with respect to various aspects are critically observed, like sensor 
types, method application, data acquisition conditions, measurement range, object reflectance, 
automation, accuracy, spatial resolution, method maturity, measurement planning and overall 
measurement costs.  

2. Measurement principles overview 

 2.1 Laser scanner principle and error sources 
 Most of the laser scanner systems are based on the principle where one or more static detection 
units record projected coherent laser beam reflected off the object surface. Shape of the beam pro-
jected by modern sensors varies from a single spot, line (slit) or series of parallel lines. Provided 
that the geometry of relative orientation of optical components (obtained by previous sensor cali-
bration) is known, the object coordinates of the projected laser beam can be easily calculated by the 
application of triangulation techniques.  
 The accuracy of calculated object points is affected by the errors introduced by the acquisition 
system geometry, reflectance of projected beam together with the ambient light changes, sharp cor-
ners and edges, sudden shape discontinuities with the respect to illumination, sensor occlusions, 
speckle noise and the inaccurate location of the projected line/point center. 
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2.2 Structured light scanner principle and error sources 
Structured light sensors usually utilize visible non-coherent light sources for object point coding 
purposes that are projected on a whole camera field of view, thus being able to measure points in a 
range of a million within a single view measurement. Because of its non-coherent light source type, 
there is no speckle effect affecting the recorded images but its light intensity decreases rapidly with 
distance from the source. 

Fundamental problem with structured light projecting technology is in the correspondence prob-
lem. It is being solved by projections of series of images consisting of some sort of structured pat-
tern [2]. The motivation is to obtain the unambiguous point (or stripe) indexing in all illumination 
conditions, regardless of the size of the measurement volume, object shape, surface color and re-
flection properties. Phase shifting methods, namely Gray code-based, or heterodyne methods, are 
based on the multiple projections of various stripe patterns that provide continuous phase maps, 
thus solving the correspondence problem [2].  

 

3. Comparison 
Although both methods exploit the same triangulation principles, object coding is performed with 
light sources that have different effects on the measured results. Compared to non-coherent struc-
tured light scanners, the influence of speckles lowers the accuracy of the laser scanners, but pro-
vides superior measurement volumes under various illumination conditions.  
It is often forgotten that measurement is just the initial part of the shape analyzing process, so it is 
also important to separately evaluate the quality of digitized data from the quality of measured 
point cloud together taking into account the amount of measured data. 
 

4. Conclusion 
 Both presented methods judging by commercially available sensors proved competitive and 
have achieved robustness and accuracy sometimes better than 0.01mm that is required for current 
industrial needs, but with regards to size of the measurement volume structured light methods are 
more suitable for smaller objects of irregular surface geometry while lasers can successively meas-
ure objects several meters in range. If we extrapolate the preceding development pace, it becomes 
clear that the application of optical shape measurement will continue to expand.  
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1. Introduction 
 The trajectory of the body centre of mass is often a parameter of interest when studying human 
walking, as it reflects the motion of the whole body. Since small displacements of the body centre 
of mass are important in balance control studies, it is essential to obtain valid estimates of the body 
centre of mass. The main aim of this study was to describe two methods of estimation of total body 
centre of mass during walking. 

2. Methods 
 The first method of estimating the trajectory of the body centre of mass is the weighted average 
for each segment centre of mass, using appropriate kinematic and anthropometric data. This 
method is called a Full-body model method. However, it is difficult to apply this method for clini-
cal gait analysis, because it requires accurate kinematic measurements of all segments of the body. 
 The other method of estimating the position of the body centre of mass is from force plate data. 
If it is assumed that the human body can be considered to be a system of rigid multisegments and 
air resistance and power loss within the link system are absent, the change in position in three di-
mensions can be calculated by the second time integral of the respective component of the ground 
reaction force. 
 The gait analysis equipment consisted of Elite system with two CCD cameras and a 9-m 
walkway with Kistler force platform located in the center. The measurement of ground reaction 
forces and recording of trajectories of characteristic body points on subjects was performed on 32 
subjects at walking at normal speed (0.95 m/s ≤ v ≤ 1.7 m/s). The 24 reflective markers have been 
attached to palpable landmarks at human body. The model for calculating the total body centre of 
mass has been designed. The landmarks allowed the definition of a 15 segment whole body model 
which included foot, lower leg, thigh, upper trunk (thorax and abdomen), lower trunk (pelvis), head 
with neck, upper arm, forearm and hand segments. The joint centres and centres of mass of 
segments have been approximated using the data from literature [2, 3, 4]. Values of mass have been 
calculated using the regression method established by Donsky and Zatsiorsky [1]. An automatised 
method for determination of the total body centre of mass from full body kinematics has been 
established. 3D-coordinates of the marked points were the input data for a computer program 
written in Matlab, which calculates orientations of segments, joint centres and trajectories of the 
body mass centre. 
 Total ground reaction force was calculated from the data obtained by the use of one force plate. 
When the one foot made initial contact with the force plate, the other foot was still in contact with 
the ground, but its force were unrecordable. To achieve force data for a full gait cycle, the portion 
of data that was recorded when the other foot was still in contact at the end of the gait cycle was 
moved to beginning of the cycle. 
 In order to be able to compare trajectories of the body centre of mass, the determined data were 
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normalised by the subject height. The original data were averaged by normalising them to one 
hundred sample points per one walking cycle through spline interpolation. Ground reaction forces 
for both feet were normalised by body weight and shown as a function of duration of gait cycle. 
The constants in integration of ground reaction forces were defined as the values reducing the 
average of acceleration, velocity and displacement per one cycle to zero. 

3. Results 
 Typical patterns of displacements of the body mass centre in three direction during gait cycle, 
calculated from two methods, have been established for every subject. General patterns and 
variation bandwidth of the standard deviation have been determined from typical patterns of all 
subjects for both methods. A general pattern represented the mean curve of the entire group of 
subjects studied. 
 Figure 1 shows comparison of general patterns of displacements of the body centre of mass in 
three directions calculated by using two different methods - weighted average for each segment 
centre of mass and twofold integration of ground reaction force data. 
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Figure 1. Comparison of general patterns of displacements of body centre of mass calculated by using 

two different methods: a - weighted average for each segment centre of mass (continuos line),  
b - twofold integration of ground reaction force data (dashed line) 

4. Conclusion 
 In this study the 3D displacements of the human body mass centre during walking have been 
computed by using two methods: weighted average for each segment centre of mass and twofold 
integration of ground reaction force. We have developed a model and automatised procedure for 
determination of whole body centre of mass during human walking from full body kinematics. 
Using this technique we have found similar patterns and displacements of the body centre of mass 
as we have calculated using the force platform data. 
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 Instead of using a large number of differential pressure transducers for pressure distribution 
measurement, an intelligent pressure scanner system was recently developed. The system consists 
of an array of silicon pressure transducers with a high performance microprocessor that provides 
measurement with low uncertainty, temperature compensation, in situ calibration and communica-
tion interfaces with the PC. 
 Two applications are considered in this paper: differential pressure (DP) transmitter calibration 
and the NACA 2421 airfoil aerodynamic characteristics measurement. The DP transmitter was ef-
ficiently calibrated and the effect of line pressure investigated. In the transmitter used, a small line 
pressure effect was found and the accuracy limits were within the manufacturer's specification. The 
airfoil characteristics were measured using a low aspect ratio wing model placed in the test section 
of a low speed wind tunnel. Using LabVIEW software, the program was developed for the speedy 
calculation of aerodynamic characteristics. The aerodynamic characteristics were determined for a 
selected airfoil at two Reynolds numbers (Re=2·105 and Re=4·105 ) in an  angle of attack ranging 
from -50 to 250. Some discrepancies between the measured data and available data are caused 
mainly by the lack of two-dimensionality in the tunnel test section. 
 Figs. 1 and 2 show the pressure coefficient distribution around the airfoil  at two Reynolds num-
bers. 
 Pressure distribution measurements were made at two relatively low Reynolds numbers 
Re=2·105 and Re=4·105. Consequently, the measured values of airfoil drag coefficient are greater 
than the values given in other literature for higher Reynolds numbers. Due to the lack of two-
dimensionality, the lift curve slope shows a smaller value.  
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Figure 1. Pressure coefficient distribution along 
chord length (Re=2·105, α=16°35’10’’) 

 
Figure 2. Pressure coefficient distribution along 

chord length (Re=4·105, α=16°35’10’’) 

In Figs. 3 and 4 the calculated lift coefficient and drag coefficient based on the pressure coefficient 
data are shown as a function of angle of attack at Re=2·105. 

 

Figure 3. Lift curve at Re=2·105 

 

 

 

Figure 4. Drag curve at Re=2·105 
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 If two elastic bodies with spherical surfaces with curvature differences in both directions and 
having much different curvature at least in one direction are in contact, then both displacement and 
stress fields have large gradients on the surface and subsurface regions. The contact area is very 
small and under normal loading the contact pressure may occur in order of several thousands 
N/mm2. Maximum shear stresses, which are responsible for plastic deformations are localised in 
small volume under the contact surface. Accurate computation of the stress field is then responsible 
for correct evaluation of bearing capacity of both contacting bodies. 
 If both bodies in contact are massive and the contact area is small comparing to the radii of cur-
vature of contacting bodies, then the contact can be considered as Hertz contact [1] and the prob-
lem can be solved analytically [2]. The solution is then described by elliptic integrals. However, 
more general problems are not possible to be solved in this way. 
Both displacement and stress fields have large gradients localized on the small surface and subsur-
face regions and their accurate evaluation, requires large number of elements, if numerical methods 
like FEM, FVM, or even BEM are used.  
The Boussinesq type solution can be used to describe the local fields. However, the expressions for 
both displacements and stresses require evaluation of singular integrals. Even more difficult is 
evaluation of quasi-singular integrals in the vicinity of the singularity point, which is the case of 
subsurface fields. Also the integration of Hertz type traction distribution, which correctly describes 
the local behavior, requires some special treatment. 
Another possibility for solution of such local fields was introduced by Blokh [3], where the dis-
placements u and stresses σ for the elastic isotropic upper half space with the normal –e3 in x3 di-
rection are expressed by weakly singular integrals 
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in tensor notation. In these equations, q, I and ∇ are the vector of boundary tractions, identity ten-
sor (= ei ei) and gradient vector, respectively. E and ν are modulus of elasticity and Poisson’s ratio, 
respectively and ρ is the distance from the source point (point where the traction is acting) to the 
field point (where corresponding field value is evaluated). ω, r and uo are vector of rigid body rota-
tion, radius vector of ρ  and vector or rigid body displacement, respectively. 
 Two types of the weakly singular integrals are to be computed: the logarithmic and (1/ρ). When 
the field point is inside the half space domain but close to the boundary, then quasi-singular inte-
grals have to be computed. Moreover, the tractions are described by elliptic functions in Hertz con-
tact and they have similar behavior also in more general contact problems.  
 Using local cylindrical coordinates with x3 axis going through the field point, the singularities 
can be numerically removed. The expressions for stress and displacements contain the first and 
second derivatives of such integrals. They are computed then numerically in the presented ap-
proach. 
 The largest numerical errors are in the points near the contact boundaries. The integrals have 
higher order discontinuity. A numerical procedure is shown in the paper, which enables to obtain 
the displacement and stress fields with good accuracy also in such points. 
 The procedure enables to present the displacement and stress fields in the contact domain also 
for more general problems without necessity to use very fine meshes in numerical models. 
 

References 
 
[1] Hertz, H., “Miscellaneous Papers“, McMillan, N.Y., 1896 
[2] Hills, D. A., Nowell, Sackfield, D., A. “Mechanics of Elastic Contacts“, Butterworth Heinemann Ltd., 

Oxford, 1993 
[3] Blokh, B. I., “Theory of Elasticity“, (in Russian), Univ. Press Kharkov, 1964 
 
 
Prof. Dr.-Ing. Vladimír Kompiš, PhD. 
University of Žilina, Faculty of Mechanical Engineering, Department of Mechanics, Veľký Diel,  
010 26 Žilina, Tel: +421 41 5132950, e-mail kompis@mppserv.utc.sk 
 
Ing. Vladimír Dekýš, PhD. 
University of Žilina, Faculty of Mechanical Engineering, Department of Mechanics, Veľký Diel,  
010 26 Žilina, Tel: +421 41 5132954, e-mail dekys@mppserv.utc.sk 
 



 
 

107

4th International Congress  
of Croatian Society of Mechanics 
September, 18-20, 2003 
Bizovac, Croatia 

  

Dynamic Analysis of Loads Moving Over Structures 
 

Ivica Kožar, Ivana Štimac 

Keywords:  moving load, direct acceleration method 

1. Introduction 
 Increase in traffic intensity and speed requires more complex analysis of structures than it was 
case before; today it is necessary to consider dynamic behaviour of structures that has been induced 
by loads moving over a structure. The simplest case of a moving load (dynamic) analysis is the 
case of a simple beam over which a concentrated load is moving, that is represented with a 4th order 
partial differential equation. 
 P.D.E. for moving load has been solved numerically with many benefits over closed solution 
(various boundary conditions, introduction of damping and discrete elements like springs and 
dashpots, additional supports and many more). Average acceleration method has been employed 
since direct use of finite differences had shown as being practically unusable. Numerical and ana-
lytical solutions have been compared. 

2. Description of the problem 
 Problem of a mass less load moving on a beam is described with the known partial differential 
equation [2] 
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3. Numerical solution of the governing P.D.E. 
 Assuming that our acceleration is constant within the time interval (average acceleration method 
[1]) than we obtain this incremental equation 

jjj ADSDCDM j ∆=∆+∆+∆  (7.a)

 In this equation we have unknown incremental accelerations, incremental speeds and incre-
mental displacements but introducing the above assumptions their values can be deduced and sub-
stituted into eq.(7.a) what finally gives us 

Average acceleration assumption can be replaced with the assumption that acceleration wea-
ries linearly within the time interval, in which case we obtain linear acceleration method [1] with 
somewhat faster convergence and slightly better accuracy. On the other hand this method is only 
conditionally stable while the average acceleration method is unconditionally stable and is the 
method of choice for all subsequent numerical analysis. 
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Special care should be taken in discretisation in time of the external load A(t) since it is of 
great influence on the convergence of the numerical procedure. 

Based on the above equations existing 2D finite element computer program OKVIRW has 
been extended to accommodate moving load analysis. 

4. Examples 

4.1 Periodic force influence 
 If the force is changing in time stable numerical methods could still give good answers. In this 
example there is no damping and load is varying by 5% eight times during its movement over the 
bema span (analysis is continued after the load had transferred the beam). 
 For numerical purposes concentrated force is represented as Dirak function varying in space and 
time. 
 As can be seen only 5% change in input load intensity gave us about 30% change in resulting 
beam forces since input load frequency is very close to the first eigenfrequency of the beam. 
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Figure 8. Comparison of the resulting displacement with the one produced by a constant force  

5. Conclusion 
 As it can be seen through examples numerical approach to the problem of a moving load is quite 
suitable for engineering purposes: solutions are accurate and procedure based on average accelera-
tion is robust. Further benefit of the numerical formulation is that various boundary conditions, 
damping, various ways of supports, changing forces can all be easily taken into analysis. 
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 Implicit and explicit numerical approaches in solving open channel flow equations are presented 
and compared regarding their performance, applicability and quality of results obtained. The one-
dimensional St. Venant equations used in the modelling of open channel flow. They are based upon 
conservation of mass and conservation of momentum for unsteady flow in a a nonprismatic channel 
of arbitrary cross section, under assumption of a homogeneous, incompressible, viscous flow char-
acterized by a hydrostatic pressure distribution.  
 Both explicit Q-scheme [1] and implicit [2] scheme analyzed in this paper, are based upon 
Roe’s scheme [3] with approximate Riemann solver introduced. Having the same numerical origin 
and employing same numerical principles, chosen schemes are suitable for comparison.  Physical 
domain is dicretised by finite difference method, with uniform computational mesh. Explicit 
method solves for one point at a time in certain time step - that is, one equation and one unknown. 
The main drawback of the explicit approach is that the unknown node must be within the zone of 
dependency of the nodes that are used to approximate the derivatives at the known time line – oth-
erwise, the method will be unstable. Therefore, maximal time step is bound by Courant Friedrichs 
Lewy (CFL) condition. Implicit method solves for the unknowns in a domain simultaneously, re-
quiring solution of simultaneous algebraic equations. The advantage is that matrix of a linear sys-
tem to be solved at each time level has its arguments from the new time level n+1 and thus the un-
known nodes are always in the zone of influence. Implicit scheme yields convergence in a smaller 
number of time steps, since the time step is no longer constrained by a stability limit, but on the 
other hand it requires more computational effort consequent upon the need to solve block tridiago-
nal system of equations per each time step (providing finite difference approximation is employed). 
Implicit procedure produces block tridiagonal linear system of equations with block matrices [2 x 
2], that is to be solved in each time step: 

DCwBwAw =++ +
+

++
−

1
1

11
1

n
i

n
i

n
i  

where A, B, C are block matrices that are elements of a global matrix of the system and D repre-
sents RHS vector containing source term, some data from previous time level tn and eventually im-
posed boundary conditions. 
 Numerical methods are tested on four benchmark test problems which have known analytic so-
lutions, i.e., three steady and unsteady case test problems, subcritical flow; supercritical flow; tran-
scritical flow; and unsteady dam-break test case.  
 Results of the first three steady test problems graphically show completely matching diagrams 
of calculated explicit, implicit and analytic water levels. Comparison of numerical data showed dif-
ference in calculated water depth of magnitude m310− , which is very satisfactory concerning high 
computational time gains, as given in Table 1. 
 The fourth test case is an idealized dam-break flow in a rectangular, frictionless channel with 
variable bottom topography. Dam break test problem was used to investigate the ability of methods 
to deal with propagating discontinuities. Propagating shock is tracked satisfactory with implicit 
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scheme, but it is obvious that shock front “smeares” as time steps and CFL numbers increase and 
numerical dissipation effects become significant. For implicit case, optimal CFL number proved to 
be approximately around CFL=2 with still significant gains in computational time. 
 Implicit scheme tested proved to be robust admitting very large steps in steady  cases, resulting 
in high gains in computational time. In unsteady case implicit method also proved to be nondisper-
sive, showing good shock tracking capability, and with moderate CFL numbers scheme produced 
acceptably dissipative results. Recent developments in computational science with new, time effec-
tive approaches in solving linear systems of equations resulting from implicit numerical shemes, 
make implicit methods even more attractive. 

Table 1. Run times comparison 
Test case Implic./explic. 

scheme 
CFL CPU TIME [s] Test case Implic./explic. 

scheme 
CFL CPU TIME [s] 

Test 1 explicit 0.8 4.0 Test 4,  explicit 0.7 1.23 
 implicit 10.6 0.44 time=0.1s implicit 3 0.55 
Test 2 explicit 0.72 9.2  implicit 7 0.23 
 implicit 9.4 1.7 Test 4,  explicit 0.7 1.73 
Test 3 explicit 0.6 135.9 time=0.14s implicit 2 1.10 
 implicit 8.1 44.7  implicit 7 0.33 
 implicit 29.4 19     
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1. Introduction 
 From general event of motion of body at real fluid I will specialize hereafter in planar 
event of motion with small celarances between the inner surface of body and the outer ring of bear-
ing. From technical aplication’s aspect oil-film bearings and long squeeze film dampers are gen-
eral. The theoretical principle of almost analysis of oil-film bearings and long squeeze film damp-
ers stem from Reynold’s equation, what is in the main equation of motion of fluid. The circumfer-
ential course of motion of fluid between inner and outer ring of fluid film bearing is analysed at the 
one-dimensional flow on line with the length equal circumference of inner ring. 

There are analysed events of short fluid film bearing, cavitation events of oil film bearings in 
this article. The solution, what propound F. Pochylý is more general. The main default equations of 
this event are Navier-Stokes’s equation of motion of fluid and equation of continuity and boundary 
conditions. Hereafter there will be analysed three dimensional flow in this article, that corresponds 
to short oil-film bearing. 

The new access is based on the separation of motion of body and fluid. The main algorithm of 
analysis of dynamic properties of rotor system is assembled of two discrete steps. At available 
software means, address to analysis system of fluid, is realized discrete coupler element at first. 
Follow-up work is realized at available software means, address to analysis dynamic properties of 
rotor systems, the analysis of rotor system with including results attached from previous result. By 
the advisable substitution we can separate and solve the motion of body and fluid. To analysis of 
motion of fluid is applied control volume method. To analysis of dynamic properties of fluid was 
applied Beziér’s body. The solution is done by curvilinear coordinates. Beziér’s body is applied for 
geometrical configuration and for aproximation speed and pressure functions. With changes of atti-
tude of shaft is done the new generation of grid. This access make possible to separate solution of  
stationary and non-stationary part. On the base of this theory 
came around program system in the language Matlab.  
 
2. Conclusion 

In this article there are compared results of static equilibrium position of the center of the shaft 
under oil-film bearing on the rotary machine. There are compare results out going from Reynold’s 
and Navier-Stokes equation of motion of fluid film in the oil-film bearing. At axess stem from 
Navier-Stokes equation there are compared two boundary conditions. At first we must prescribe on 
the ends of oil-film bearing the presure as a zero and the velocity function at the oil-film is 
calculated. At second we must prescribe the velocity of fluid film at the oil-film bearing and the 
pressure function at the oil-film is calculated. Mathematical modeling of static equilibrium position 
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of the shaft is also compared with experimental modeling. The results of experimental and 
mathematical modeling (Reynold’s equation, Navier-Stokes equation – two boundary conditions) 
are almost the same. See figure no.1. At mathematical modeling there are calculated differences be-
tween external loading and internal forces from fluid for many points of the fluid of oil-film bear-
ing. After that there is found the minimum (zero) of differences. The position with null force’s 
differences is the static equilibrium position of the center of the shaft. 

 

Figure 2. Static equilibrium position of the center of the shaft 
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1. Introduction 
  The components of modern thin-walled technical constructions for various purposes are very 
often shaped like cylindrical shells weakened by small openings. It is well known that these open-
ings can in many cases essentially affect the load capacity, rigidity and stability of the construc-
tions; therefore, it is an important problem in engineering. This paper is the result of research of 
stresses in an axially compressed thin cylinder weakened by small longitudinal elliptic opening. 
The suggested analytical solution is compared with the experimental solution, which has been ob-
tained by 3D photoelastic frozen stress method.  

2. Analytical solution 
 The state of stress around a small curvilinear opening with smooth contour in a thin, shallow, 
homogeneous and isotropic cylindrical shell can be described by a complex differential equation: 

08
2

2
2 =

∂
Φ∂−∆∆Φ

y
iβ  (1)

 The solution of this equation which satisfying the boundary conditions in the infinity and ex-
pressed by polar coordinates ( ϑ,r ), may be written in terms of Hankel functions: 
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 Unknown complex constants )(k
na are found from the boundary conditions of an opening. Since 

the opening contour is curvilinear the boundary conditions can be satisfied only with specially se-
lected curvilinear orthogonal coordinates ( γρ, ) applying the method of conformal mapping. This 
problem has been solved by the application of analytic functions of complex variable, Cauchy inte-
gral formulas and the iteration method. The stress ratio ϑk  along the edge of opening is: 
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where: hRFhp πσ 20 −== , [ ]ϑεεγ tan)1)(1(arctan 1−−+= . 
 
 The following values of the basic quantities, Figure 1, are: =a 13, 5 mm, =b 9 mm, =R 60 

mm,  =h 5 mm,  
20

bar += ,  
ba
ba

+
−−=ε ,  =α 0 0,  =ν 0, 48 (Araldite B, tZ = 150 0C).   
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3. Experimental solution 
 Model of cylindrical shell with elliptic opening have been made of photoelastic material Aral-
dite B (Ciba). In a specially designed and precisely built device, the model was loaded axial-
symmetrically to the compression. After the stress freezing procedure, model was diametrically cut 
along the generatrices into two parts, and the areas around the opening was photographed and ana-
lysed in monochromatic circularly polarized light. The stress ratio ϑk  at the opening edge has been 
obtained by the expression, i.e.: 

ϑ

ϑσ
ϑ

π
Fb

NhfR
k

2
−=  (4)

where: σf  = 0, 28 N/mm (Araldite B, tZ = 150 0C),  F = 170 N - loading force. 

4. Conclusion 
 On the basis of analytical and experimental results, the curves of stress ratio ϑk  at the edge of 
longitudinal elliptic opening depending on the polar angle ϑ  have been comparatively drawn, Fig. 
1. 

 
Figure 1.  Stress ratio ϑk  curves around elliptic opening in thin cylinder 

  It is noticeable that analytical and experimental value curves of the stress ratio around the ob-
served longitudinal elliptic opening in thin cylinder are very similar in appearance and mutually 
agree well in all the analysed area. The analytically and experimentally obtained values of the 
stress concentration factor )max( ϑkK =  are equal. According to that, it can be asserted that the 
suggested and performed analytical solution is sufficiently accurate as well as appropriate for prac-
tical calculations of stress concentrations factors of thin cylinders with elliptic openings. 
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Introduction 
 Spreading, dispersions and localization regularities theoretical investigations of high-frequency 
nonlinear acoustic wave propagation in the hard crystalline waveguide are referred to modern 
problems of deformed hard bodies dynamics and ultraacoustics. The nonlinear elastic waves 
spreading regularity study problem remains comparatively little investigated for the present 
moment. The main interest of the free elastic waves spreading study is in the acoustoelectronic 
sphere application. Nonlinear effects in wave motions are used for the wave signals folding and 
integrating. 

1. The mathematics model 
 In this paper the study technique of nonlinear distortion in the interacting unidirectional SH-
waves field has been presented. Waves are propagating along the cubic system layer 

( ){ }1,, 3
2

21 ≤∈= xRxxV . (1)

The method of complex functions presentation by rows on small parameter degrees has been used. 
As a small parameter is the acoustic Mach number, wave amplitude to its length ratio. 
 Regularity study, defining spreading, cinematic and energy characteristics of nonlinear normal 
waves, has been conducted on the base of geometric exact three-dimensional model. In energetic 
potential expansion by deformation tensor components degrees the third order terms are present 

mnklijijklmnklijijkl ccU εεε+εε=
6
1

2
1

, (2)

and in deformation tensor components representatives the nonlinear quadratic terms on 
displacement are present 
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1

++=ε . (3)

This model allows to calculate the acoustoelectronic devices constructive parameters for processing 
the signals with a greater accuracy. 
 The stress tensor represents as a sum of linear )(l

jqσ  and nonlinear )(n
jqσ  parts 
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2. Numerical results 
 The non-uniform boundary problem for complex stress functions of anharmonic distortions has 
been formulated. 
 The representation for the complex stress functions ( )ju2  of normal SH-wave, which belongs to 
the mode q  of dispersion spectrum and has the circular frequency jω , follows from the spectral 
problem solution and is 

( ) ( ) ( ) ( ) ),,,(cos,, 13312 jqjq
j

q
j
q ktxExFtxxu ωα=    ( )2,1,,0 =∞= jq , 

( )( ) 2/1
44

2
44

2 cck qjjq α−Ω= , 

2212
jj Rc ωρ=Ω ∗

−
∗ ,   π=α qq , 

( )( )11 exp),,,( xktiktxE jqjjqj −ω−=ω . 

(5)

 The presentations for the nonlinear interacting SH-waves displacement functions follow from 
the problem solution. Under supposition, that P-SV-wave with such frequency and wave number 
combination as ( )

11
2,2 qq kω , ( )

22
2,2 qq kω , ( )

2121
, qqqq kk +ω+ω , does not belong to any 

linear P-SV-waves spectrum mode for waveguide under consideration, the nonuniform boundary 
problem for anharmonic distortion solution has been obtained. 
 The results of nonlinear normal wave studies in geometric exact setting for finite thickness 
crystalline layer allow to give more correct qualitative and quantitative data about nonlinear wave 
motion forms, regularities of carrying the energy by signals in the nonlinear waves manner. 
 The combination type single-line normal waves second harmonics forms particularities have 
been described, comparative numerical analysis for monochromatic normal waves and their 
combination harmonics have been conducted. 
 Second harmonics intensity dependence on the frequency, energy flows distribution in normal 
waves second harmonics, forms of these flows, flows intensity dependence on the frequency have 
been explored. 
 Comparative numeric distribution analysis of amplitude characteristics of average for a period 
power flows in first and second harmonics of interacting SH-types waves, belonging to different 
modes of dispersion spectrum on the waveguide thickness have been conducted. 
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1. Introduction 
In present paper, we derive a fourth-order Boussinesq-type equations in terms of a velocity po-

tential at an arbitrary water depth for wave propagation over an uneven bottom. An error function 
composed of five linear properties, which includes two dispersion characteristics and three kine-
matic properties, is introduced to evaluate the optimal wave equations. All linear properties of the 
optimal model are compared with those obtained by GKW model and the linear Stokes theory. 
We’ll also demonstrate our ( )4µO  optimal model which can predict wave behavior in deep water 
more accurately than previous models. 

2. Derivation of the ( )4µO  Boussinesq-type Equations 
The Boussinesq equations can be expressed by the velocity potential mΦ  at arbitrary elevation. 

To simplify the present problem, the flat-bottom condition will be considered and the equations can 
be expressed as 
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where an important water-depth parameter m  is defined as 
h
zm m=                                                              

3. The Study of Linear Model Properties 
In this section, five important linear properties of the present ( )4µO  Boussinesq-type equations 

are investigated to coincide with those of the exact linear solutions. Choosing the suitable water-
depth parameter m , the corresponding optimal model can be applied within the range 50 << µ . 
First, we neglect all nonlinear terms in (13) (14) and set the water-depth h  to be unity, the Boussi-
nesq-type equations can be represented as follows 
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The phase velocity and the group velocity can be expressed as 
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And the parameters concerning the horizontal and vertical components of velocity of fluid particles 
are represented as 
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Similarly, the parameter indicating the particle trajectory at the free surface is 
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4. The Optimal Boussinesq-type Models 
    Considering all linear properties introduced in the previous section, an error function, ( )µ,mI , 
which is composed of five functions is defined as following 

( ) ( ) ( ) ( ) ( ) ( )µµµµµµ ,,,,,, mEmEmEmEmEmI TVHCgC ++++=                            (34) 
    For any specific range of µ , one can obtain the corresponding optimal wave equations by mini-
mizing the error function. Fig. 1 shows the comparison of error functions provided by various 
models from 4=µ  to 10=µ . As µ  increases, our ( )4µO  model makes the error function much 
closer to the exact linear solution (i.e. the x-axis) than GKW ( )4µO  model. The difference of these 
two models occurring at large µ  is that GKW model only makes its dispersion characteristic sat-
isfy the Padé (4,4) approximation of the linear solution. On the contrary, our optimal model is ob-
tained by a comprehensive survey corresponding to five properties of the linear solution. Therefore, 
our ( )4µO  model will behave a better phenomenon than GKW model for large µ . Moreover, the 
optimal value of m will remain almost steady as µ  is large enough. To observe each linear prop-
erty more lucidly, some evaluating functions respectively in Fig. 2 to Fig.4. It shows that some lin-
ear properties of GKW model, especially the particle trajectory in deep water, start to deviate in-
tensely from the exact linear solution as µ  increases. 

5. Conclusions 
In present study, the ( )4µO  Boussinesq-type equations are derived in terms of the velocity poten-

tial at an arbitrary elevation. Comparing all linear properties with those of the linear Stokes theory, 
the optimal model can be determined by choosing a suitable water-depth parameter m  for any spe-
cific range of µ . An error function composed of five linear characteristics is also introduced to 
evaluate the optimal model. In deep water, the wave properties of the present optimal model are 
much closer to the exact linear solution than not only those obtained by the ( )2µO  optimal model 
but also GKW’s results. 
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Abstract 
 In assessing the integrity of structures containing cracks, it is important to quantify the relevant 
crack-driving force, so that its load carrying capacity can be predicted. For ductile materials permit-
ting large-scale plasticity near the crack tip, this crack-driving force is frequently described as con-
tour J-integral, which is one appropriate elastic-plastic fracture mechanics (EPFM) parameter (in 
absence of constraint effects) of low-strength and high-toughness materials. If there is excessive 
plasticity or significant crack growth, fracture toughness may depend on the size and geometry of 
the test specimen. Therefore, methodology for J-integral and crack length estimation of a CCT 
specimen made of high ductile stainless steel is presented in this paper. Estimation is conducted us-
ing results gained by experiments and it was confirmed using finite element analysis (FEA). 
 Research was conducted on specimens made of stainless steel X 5 CrNi 18 10, with yielding 
strength of Rp0,2=250 MPa and stress of 620 MPa by elongation of about 16%. First series of tests 
were conducted on specimens prepared for classic tension test (Figure 1 left) to determine real 
characteristics of material including σ-ε diagram, and after on standard CCT specimens shown right 
on Figure 1, with 2a/W = 10/30 = 0,3. 

 
Figure 1. Tension test and CCT specimen 

 During testing, behind the force F, three characteristic displacements were measured: load line 
displacement (LLD), crack mouth opening displacement (CMOD) and crack tip opening displace-
ment CTOD (δ5). Single specimen method with loading-unloading compliance technique is used to 
determine compliance of material and hereafter crack extension ∆a. It is often in engineering prac-
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tice that only J0,2BL in crack resistance curve J-∆a could be determined corresponding to the frac-
ture resistance at 0,2 mm of ductile crack growth. 
 J-integral for CCT specimen has been calculated measuring area under curve in F-LLD diagram 
representing plastic and elastic component of work and using expression: 
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 A three-dimensional final element model of CCT specimen was prepared for finite element 
analysis in Ansys code. One eights of specimen is used for modelling to take advantage of symme-
try (Figure 2). Finite element mesh consists of 16780 elements and 79392 nodes. 
 Finite element simulations show very good agreement between experimental and numerical re-
sults (Figure 3) and it can be applied to draw crack driving force, what is of great importance when 
the critical length of crack or critical applied stress should be determined. 
 

 
Figure 2. Finite element mesh 

  
Figure 3.  Crack mouth photo and FE simulation of dimple making 
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1. Introduction 
 Adhesive bonding technology is one of the most recent assembling techniques applied in 
industry and maintenance. Load bearing capacity (i.e. strength) of adhesively bonded joints 
depends on many various factors. These are characteristics of adhesive, properties of the materials 
to be bonded – adherends, bonding procedure, joint design and loading conditions [1]. 
 Single lap adhesively bonded joint will be considered in the paper as one of the most applied 
joint design in engineering practice.  
 In experimental part of the paper, the testing is focused on determination of an optimum lap 
length. Joints are made of three types of adherends: aluminium, stainless steel and brass; and one 
type of adhesive: two component high-strength engineering adhesive. Simulation of stretching of 
joints with software based on FEM (Finite Element Method) is origin of researches in future.  

2. Experimental research 
 The standard single lap specimens for evaluating the load bearing characteristics i.e. strength of 
adhesively bonded joint have been prepared accordingly Figure 1. Three types of adherends 
(materials to be bonded) have been considered; aluminium, stainless steel and brass. Dimensions of 
such prepared adherend plates were a×b×s=30×90×1,95 mm (30×90×1,50 for brass only) .The 
adherends are cleaned by an appropriate surface preparation method [2]. 

 

a 

l

b

s 

s 
δ 

 

Figure 1. Single lap joint specimen 

The thickness of the applied adhesive is maintain at 0,1 mm by using an appropriate fixture device 
and allowed to cure to reach maximum strength. The lap length has been varied in range from 15 to 
60 mm. The all in this way prepared bonded joints have been stretched up to the break in the 
clamps of the tensile testing machine. 

3. Numerical analysis 
 Simulation of stretching of joints with software based on FEM (Finite Element Method) is 
origin of researches in future. Numerical researches are based on one group of specimens made 
from two adherends: stainless steel and aluminium. Lap length which was used in numerical 
calculation was 30 mm (l/a ratio = 1).Thickness of adhesives has been used as 0,15 mm. 
Simulation of static load of query bodies was carried with software package ANSYS [3]. 
Comparison of numerical results with experiment shows Fig.2. 
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Figure 2. Numerical results compared with experimental (adherend: stainless steel) 

6. Conclusion 
 One of the most decisive designing factors on strength of adhesively bonded joint is an overall 
lap length of the joint. It is necessary to find an optimum lap length aiming the bonded joint to be 
dimensioned properly. At the optimum lap length it is possible to reach a maximum load bearing 
capacity using a minimum quantity of applied adhesive.  
 In the experimental work it was researched the influence of the lap length on joint strength 
considering the joints made of three types of adherends (aluminium, stainless steel and brass). As 
expected, the experimental investigation confirmed very strong influence of lap length on strength 
characteristic of the joints. Obviously, the influence of the adherend deformational characteristics 
on joint strength is very significant, what was also confirmed in numerical investigation. 
 In the numerical part of this paper, the aim was to create appropriate model of adhesive joint. 
This is realised with good results. The model was used for both of aluminium and stainless steel as 
adherend, and all results are acceptable. 
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1. Introduction 
 The large displacement model of the material and geometrically nonlinear three-dimensional 
(3D) reinforced concrete frames follows incrementally small displacement theory presented in Ref. 
[1], and a conclusion about the quasi tangential stiffness matrix taken from Ref. [2]. The global 3D 
reinforced concrete structure consists of the beam-column straight members, each of them 
discretized by a few FE. 
 Updating the large translation displacement from increment to increment follows from simple 
summarising of the incremental translation displacement vector. Updating the large rotations is 
related to the FE and corresponds to the rigid body incremental rotations what is an approximate 
solution. This approximation shall be numerically tolerable if a length of the FE is small enough.  
 The geometrical updating of the predicted load and the internal forces depends on the 
differences of the tangent stiffness matrix between two increments. The mapping of the complete 
predicted load over the actual tangent stiffness matrix results in the new configuration called null 
configuration. In the same null configuration the predict load over new tangent stiffness matrix 
maps a new distribution of the internal force and strike out the additional displacement. The 
incremental loading, either follower or gravitational, follows the usual procedure. 

 

 

Figure. 1: R/C space frame, column-girder FE and 3D comparative body 
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The nonlinear beam-column FE adopts a decomposition approach for the cross-section to 
capture the uniaxial nonlinear behaviour of reinforced concrete. Filaments in section, see Ref. [3], 
are extended over the beam-column FE and form a prismatic body, which is discretized by brick 
FE, to capture the shear and torsional nonlinear behaviour of reinforced concrete. The model 
implemented flexural, lateral and torsional stability effects. The whole numerical procedure is 
incrementally-iterative. The direct iterative procedure was used at the frame level and at the cross-
sections level. 

The construction of the failure surface is applied and the equilibrium of the cross-section forces 
including plasticity of separate fibres is adopted in each incremental-iterative step. The failure of 
the structural system arises with the loss of the stability or with the step-by-step plastification of 
different cross-sections until the mechanism occurs. The results of the numerical analysis of frame 
from Fig. 1 and Fig. 2 for load q=19 kN/m and H=19 kN are reached for σ-ε uniaxial behaviour of 
concrete and steel shown on Fig. 3.  

 

Figure 2. Discretization of reinforced concrete frame cross-sections, columns and girders 

        

Figure 3.   Uniaxial σ-ε diagram for concrete and reinforcing steel 
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1. Introduction 
The large displacement model of the material and geometrically nonlinear three-dimensional 

(3D) steel frames follows incrementally small displacement theory presented in Ref. [1], and a 
conclusion about the quasi tangential stiffness matrix taken from Ref. [2]. The global 3D steel 
structure consists of the beam-column straight members, each of them discretised by a few FE. 

Updating the large translation displacement from increment to increment follows from simple 
summarizing of the incremental translation displacement vector. Updating the large rotations is 
related to the FE and corresponds to the rigid body incremental rotations what is an approximative 
solution. This approximation shall be numerically tolerable if a length of the FE is small enough.  

 
Figure 1. Steel space frame, column-girder FE and 3D comparative body 
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The geometrical updating of the predicted load and the internal forces depends on the 
differences of the tangent stiffness matrix between two increments. The mapping of the complete 
predicted load over the actual tangent stiffness matrix results in the new configuration called null 
configuration. In the same null configuration the predict load over new tangent stiffness matrix 
maps a new distribution of the internal force and strike out the additional displacement. The 
incremental loading, either follower or gravitational, follows the usual procedure.  

The nonlinear beam-column FE adopts a decomposition approach for the cross-section to 
capture the uniaxial nonlinear behaviour of steel. Filaments in section, see Ref. [3], are extended 
over the beam-column FE and form a prismatic body, which is discretised by brick FE, to capture 
the shear and torsional nonlinear behaviour of steel. The model implemented flexural, lateral and 
torsional stability effects. The whole numerical procedure is incrementally-iterative. The direct 
iterative procedure was used at the frame level and at the cross-sections level. 

 

 
Figure 2. Steel uniaxial σ-ε diagram 

 
The construction of the failure surface is applied and the equilibrium of the cross-section forces 

including plasticity of separate fibres is adopted in each incremental-iterative step. The failure of 
the structural system arises with the loss of the stability or with the step-by-step plastification of 
different cross-sections until the mechanism occurs. The results of the numerical analysis from 
Figure 1 are reached for σ-ε uniaxial behaviour of steel shown on Fig. 2. 
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1. Introduction 
 Program modules for generating, calculation and simulation of manufacturing and designing 
processes, as a rule can never completely cover requirements of all branches of industry so it is fre-
quently necessary to effect adaptation or completion of the existing program modules for the pur-
pose of their more effective use. Therefore it is possible to use some of the existing graphic pre-
processing units for generating mesh of finite elements and develop modul for translating such 
generated moduls in format and syntaxis understandable to program package FLAC3D [1]. A 
graphic preprocessor PATRAN 9.0 would suit better the requirements set by program package 
FLAC3D since it has better geometric tools, openess of program for obtaining users subprograms, 
mobility and applicability even under Windows NT surface and price of the program [2].   
2. Numerical modelling  

 Procedure of numeric simulation was performed from generating three-dimensional geometric 
model within CAD system, inputting of geometry in preprocessor unit PATRAN, adaptation of 
geometric entities and web generating, assigning of material properties and boundary conditions 
and at the end testing of incoming database for solver unit FLAC3D. The results received by calcu-
lating by NASTRAN and FLAC3D were compared. Wing of a blade has been equally loaded by 
surface pressure of 10 [MPa] which on its upper surface has pressure on a surface, and on a lower 
side the same underpressure has its effect which draw a blade normally from blade surface due to 
streaming of fluid round a blade. A blade was manufactured from alloyed steel with elasticity mod-
ule E = 210 [GPa] and Poisson coefficient ν= 0.32. Steel specific density is ρ= 7850 [kg/m3]. Mate-
rial properties are awarded so that material is defined in accordance with name (steel), type (linear-
elastic) and its properties (E = 210 [GPa], ν= 0.32, ρ= 7850 [kg/m3]). Blade model contains 7980 
knots and 11283 tetrahedron elements with 23467 degrees of freedom. The 20000 computational 
iterative steps were needed in program unit FLAC3D.  

3. Results 
 As verification of successfully carried out data transformation from graphic preprocessing made 
in program module PATRAN the analysis of  results was used obtained  by calculation  by program 
module FLAC3D and their comparison with results obtained by calculating with method of finite 
elements with NASTRAN program. Figure 1. gives a comparison of displacement in direction of 
global axis Y.  The result of absolute displacement obtained by the analysis of finite differences 
produces maximum value of 133.27 [mm], while for the same model and same load the results cal-
culated by solver NASTRAN unit produce maximum value of absolute displacement of  137 [mm]. 
Absolute deviation of the result of about 3.5 [mm] produces relative deviation  of  0.36% and this 
can certainly be consequence of convergence parameter of calculation process. While FLAC3D 



 
 

130

analysis produce maximum positive value of displacement of 7.96 mm, the analysis by means of  
NASTRAN program produce value of 7.51 [mm]. 

 

 

Figure 1. Contours of absolute displacement of blade by FLAC3D and NASTRAN 
 

In negative direction of displacement these values are closer to each other  and produce value -
8.346 mm (FLAC3D) and -8.35 [mm] (NASTRAN).  

 4. Conclusion  
 Through the stated example of turbine blade, which has been calculated with two different nu-
meric approaches, by method of finite elements and finite differences, it is possible to generate any 
form of threedimensional real model, and carry out its calculation by methods of finite differences 
and that its results are equally valuable. By defining known and requested sizes of numeric simula-
tion decision are brought on the choice of way of simulation, finess of discreet model, relevant 
model of material, harnessing of boundary conditions which will simulate real working conditions 
and finally type and survey of the results on the basis of which correctness of the results will possi-
bly be chacked as well as location of critical places for design of the considered example.             
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Abstract 
Aerodynamic characteristics of the axial turbomachines, particularly of those with low rotor 
“solidity”, are largely determined by their airfoil characteristics. Airfoil stall controls most of 
the blade stall smeared by 3D effects at the root and tip area. 
Turbulent flow around NACA 0012 airfoil in the range of incidence angles from 0.0 up to stall 
angle at Re=2.8 106 is calculated by applying finite volume method with modified ε−k  
turbulence model.  
A grid independent solution is achieved on the C-type grid around airfoil with 1664*320 
control volumes for the finest grid. Testing of various boundary conditions along open side 
boundaries at small incidence angles proves that they have negligible effect on calculated 
pressure and shear stress distribution along airfoil and airfoil lift/drag coefficients as well. 
Calculation of the flow at incidence angle 03=α  with inlet boundary conditions along B-C-D 
( 0000  , ,sinvv,cosv εεαα ==== kku ) and outlet boundary conditions along A-B 
diverged. 
Inclusion of the laminar part by prescibing transition is required in order to bring the calculated 
data closer to the experimental ones. The computer programme is modified by suppressing 
turbulence, i.e. turbulent stress in the laminar region. Location of transition on the upper-lower 
part of airfoil cxtr /  is prescribed on the basisi of experimental data [ ]6 . Zero value of 

turbulent viscosity 0=tµ  and very small value of turbulence kinetic energy k  are imposed to 
all nodes in the laminar region in every step of the global iteration procedure.  
Very good agreement is obtained between the calculated and the experimental values for the 
lift-drag coefficients and the pressure coefficient distribution at moderate incidence angles. 
Drag coefficient perfectly matches experimental values for smaller incidence angles. 
Underprediction of the lift coefficient is reduced. Maximum of the lift is more distinguished 
and analysis of the flow pattern indicates presence of separation bubble near the trailing edge at 

018≤α . Significant reduction of drag is due to smaller skin friction in the laminar part of the 
boundary layer that extends almost along entire lower part of the airfoil.  
Increase of the lift is mainly because of higher (under) pressure along the airfoil suction side. 
Fig. 5 illustrates that increase in the peak pressure is quite discernible ( 5.0≈∆ pc  for 

012=α ) and that calculated values no longer fall short of the experimental ones as much as 
before. 
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Figure 5 Pressure coefficient cp along NACA 0012 airfoil leading edge (suction side) at Re=2.88 106, 
α =120 [ ]7 : t- calc. assuming fully turbulent flow, l+t- calc. with prescribed transition laminar-

turbulent, kg-grid finess index 
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1. Introduction 
Sport equipment performance analysis nowadays has a growing importance. In fact many sports are 
extensively equipment dependent and the overall athlete’s performance is widely influenced by 
technical features. In free diving recently new materials have been adopted for fins like 
polycarbonates or carbon fibre reinforced composites and for monofins e.g. glass fibre reinforced 
composites. The choice of the geometry, of the material and of the lamination lay-up is based on 
experience and the experts feeling, not on quantitative measures. In this work, some experimental 
methodologies for the evaluation of physical parameters (dumping, hysteresis loop) and of the 
performances will be shown. 

2. Materials and Methods 
In order to establish a methodology we focused our attention on a very popular, but nowadays 

out of market free diving fin. It’s an injection moulded fin, made with three different thermoplastic 
materials. The blade is in polycarbonate and four high range (± 10%) strain gages have been glued 
on the blade in different positions and have been protected with silicon coating. Data have been 
acquired by means of a Vishay portable system. The configuration has been a quarter of bridge and 
the acquisition frequency has been 1 kHz for dynamic measurements and 100 Hz for the static 
ones. Many kind of tests have been performed in laboratory and in swimming pool. The first and 
easiest to perform is the step response to determine the eigen frequencies and the dumping 
properties: prescribed strain has been imposed to the fin by means of a wire that has been cut 
instantaneously. Than utilizing an Italsigma servo hydraulic machine equipped with a 2 KN load 
cell the hysteresis loop has been drawn. The fin has been fixed to a beam, by mean of two bolts 
passing through the shoe and to the load cell and the actuator by a grip designed ad hoc in order to 
leave free the possibility of horizontal sliding. The machine has a displacement range of 100 mm, 
so different load levels have been obtained moving the fin in the direction of the actuator. Other 
test has been performed hanging up calibrated weights to find the load-strain function. This has bee 
done hanging up the weights directly on the edge of the blade or using a wire connected to the fin 
fixture and lying on the blade in order to simulate distributed load. Tests have performed in a 
swimming pool to determine the thrust impressed by the diver on the wall. The thrust has been 
correlated to fin deformation, and, through the calibration curve obtained in laboratory to the force 
exerted by the fin on the water. The thrust has been measured by means of two water resistant load 
cells suitable for low loads (<200 N). They have been designed as flexural beams equipped  with 
four strain gages in full bridge configuration located in the maximum strain point determined by a 
finite element model. Many swimming stile and kicking rates have been tested, changing the 
position of the instrumented fin from one leg to the other to determine differences in the thrust. The 
testers have been an Apnea Academy free diving instructor, an experienced and an inexperienced 
free diver. 



 134

In figure 1 an example of possible correlation between the force exerted by the fin on water, 
thick grey curve, and the thrust read by the load cells, thin black curve. Obviously a symmetric 
curve for the second fin shifted in phase could be added to the graph in order to obtain the total 
force on fins. 
The mean force in this case can be valuated in 42 N while the mean thrust is 7 N. It is evident that 
only a small part of the force, nearly 16%, is transferred to the load cells due to hydrodynamic 
losses. 

 

Figure1: Thrust and force on fin 

From the figure a fatigue effect on the diver can be appreciated, since in the last four kicks the 
movement was not complete as in the previous ones. This suggest the possibility of using this 
methodology, together with image analysis in order to improve the biomechanics of fin swimming.  

4 Conclusions and discussion 
A simple methodology for the determination of the performances of free diving fins has been 

proposed. It is based on the use of strain gages and a submersible load cell and it could be utilized 
either for quantitative comparative testing or for biomechanical studies. The actual value for the 
thrust impressed by the fins is derived from the strain experimental data calibrating the 
instrumented fin in laboratory. Overall mechanical characterization of the fin has been performed, 
including material properties, hysteresis loop shape, first eigen frequency and dumping. In this 
work the approach described in [1] has been followed, even with different methodologies. Since the 
thrust is measured on a still diver it is not possible to take into account hydrodynamic effects in the 
analysis. For comparative test purposes this argument is not very important, but it would be for the 
determination of absolute fin efficiency. The next step will be the measure of the same quantities 
on moving divers by means of totally independent an submersible data acquisition systems. 
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1. Introduction 
  The region of the Rijeka municipality has very bad air. One of the main pollution sources is 
refinery plant near Rijeka. Its stacks emit significant amount of SO2  pollutant. It is specially so 
when using high sulphor content fuel for power plant. Given the 17 point sources of  SO2 emission 
pollution resulting from high sulphur content in the fuel, the problem was to numerically simulate 
dispersion and distribution of SO2 pollutant in the nearby surroundings for the worst possible 
meteorological data, with given topography of the terrain. Finally, different scenarios should be 
invented for pollution reduction, such as the alternative use of two different fuels with low and high 
sulphur content. The analysis of the height of the reconstructed power plant stacks on the pollution 
is carried out too. The Gaussian plume algorithm was used for the numerical simulation. The 17 
sources were modelled at their real topographic locales with proposed SO2 emissions. The stacks 
varied in height from 9.5 to 124 m, and were distributed through the whole refinery territory. The 
SO2  emissions varied from 1 to 140 g/s coming from the sources such as refinery power plant, with 
highest emissions, to different refinery process plants. Here we used 120x131 = 15720 receptor 
mesh with 100 x 100 m resolution, covering 12 x 13.1 km area cantered at the power plant and 
including nearby urban areas. In the south-north direction (-15 to 60 deg) the terrain rises very 
steeply. We varied meteorological data in the chosen intervals that result in highest pollution.  The 
input meteorological parameters used by Gaussian dispersion models are the wind speed, wind 
direction, isolation (during daytime) or temperature gradient (night), and the mixing height.  We 
used genetic algorithm optimization tool [1],[2],[3]. Because of the varying terrain height and 
varying wind directions and speeds, even for the stationary pollution emissions multiple maxima of 
the surface pollution occur. Each individual set of meteorological data is represented by 
chromosome with different gene lengths; 8, 6, 5 and 1-bit string encoding wind direction, speed, 
mixing height and temperature gradient respectively. The search intervals for given four variables 
are input data.  

2. Results analysis 

 In the genetic algorithm every individual produce input meteorological data for computer code 
for the simulation of distribution and dispersion of pollutants across the given terrain. Preliminary 
search resulted in following limits where maximum pollution occurs: wind speed 1-10m/s, 
direction 345°-60° (0 is north), mixing height 300 – 5000 m, temperature gradient –1 or 1. For 
given limits final detailed search with refined intervals gave maximum values. One population 
consisted of 20 individuals. The optimisation was achieved through 60 generations. The objective 
functional (fitness), is the SO2 surface concentrations at any of given receptors for all possible 
variations of meteorological data in given intervals. The results show that worst pollution occures 
at night, with stabile atmospheric condition, class 5 or 6, and low speeds 1 – 2 m/s and south winds 
15-45 degrees. In these conditions the plume hits the steep terrain nearest to the stack, while 
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difusion is still small, so that the concentrations are high.The highest values of fittness  achieved 
after  20 generations. 
 Figure 1. shows maximal surface pollution distribution in given terrain for worst meteorological 
data: winds of 1 m/s,  south-north direction 10°-12°, positive temperature gradient and high mixing 
heights 3880 – 5000 m. In order to estimate the influence of the stack height of the most influential 
stacks, these of the power plant, its variation is studied: original 35, 60 and 125 m. The linear 
regression of the maximum pollution concentration as a function of stack height,  was established, 
showing that 80 m stack height would halve the maximum pollution concentration form 1600 to 
800 µg/m3. 
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Fig. 1  The surface SO2 concentration (µg/m3 ) for worst meteorological  conditions 

3. Conclusion 
 The main conclusion is that proposed modelling of maximum pollution enables one to 
decide in which forecasted meteorological conditions the pollution would be above accepted values 
and therefore determine the time interval when cheap law sulphur fuel should be used instead of 
cheap high sulphur fuel. The linear regression of the maximum pollution concentration, as a 
function of stack height, was established. 
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1. Introduction 
Environmental fluid mechanics is used to simulate the influence of pollutants to environment.      

Although it’s not yet fully explained and usually every simulation in that field leads to discrepancy 
from a real physical system, it is necessary to have at least some air pollution dispersion scenarios 
to assess the influence of the humane born emissions. Numerical simulation of dispersion of 
pollutants from two chimneystacks situated in Rijeka’s refinery were performed. Detection of 
ground-level concentrations of hazardous effluents (p.e. SO2, CO2) on a complex terrain around 
Bakar’s bay  (vicinity of Rijeka) was performed. Importance of conveying such a simulation is to 
ensure that pollutants are well dispersed and significant consequences on surrounding populated 
area detected. Geometry was made as ‘box model’ which bottom side was replaced with terrain 
topology. Unstructured tetrahedral mesh that consists of 250000 elements was generated. Five 
different south wind profiles (directed NW, N, NE, E and SE) with reference values of 2.5, 5 and 
10 ms-1 were used as air velocity inlets . Combustion products from chimneys were set as effluent 
velocity inlets. Results that are depicted from set boundary conditions give an insight to behaviour 
of pollutants in a crossflow. Many simplified models (based on Gaussian plume model and Briggs 
plume rise equations) exist for fast calculation of pollutant concentrations, but they are not accurate 
enough. Their validity is superimposed just on the flat or linearly growing terrain with smooth 
roughness. Those limitations are the main reason that we adopted full 3D turbulence model for the 
better simulations on a complex terrain.  

2. Problem definition  
In order to perform the simulation we needed to define geometry for a domain of 

consideration, mesh it and finally define boundary conditions. IDEAS CAD software was used to 
make geometry based on terrain topology (Figure 1.) and to generate unstructured tetrahedral mesh. 
Geometry was made as a ‘box model’ (in atmospheric modelling one of the most used one [3]) 
which bottom side was replaced with terrain-shaped surface and it represent a control volume for 
the finite volume method, a numerical method we used.  
 

 
 
 
 
 
 
 
 
 

Figure 1.  Terrain topology  
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3. Results and discussion  
 Whenever dealing with air pollution we have to be careful with validating obtained data. 
Problems rise with terrain complexity and real-time meteorology. If meteorology is missing then it 
is not possible to evaluate emissions in any way. It is just an insight in how pollutants disperse with 
respect to the topology of terrain. Figure 2 shows ground concentration of SO2 for the south wind. 
It is seen from the picture that the smoke plume is leaded with the flow field and so curving the 
plume to the left so that it passes right through the town of Bakar.  

 

Figure 2. Ground concentrations of SO2 (kg/m3) for South wind 

4. Conclusion  
 Despite the lack of true meteorological boundary and initial conditions as it is accustomed in the 
field of atmospheric modelling, we obtained some useful and significant results. Ground 
concentrations of emissions from the chimneys have been investigated. The contour plots from 
figures shown before offer the insight on how flow field determines the path in which 
concentrations will be deployed on the ground. We haven’t performed simulations for mainly jet 
dominated flows but we can guess that the plume will rise more and that concentrations measured 
on the ground need to be much lower. 
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Figure 1. Harmonicall circle 
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1. Introduction 
 Human measures, with this also at children, as a group of fundamental anthroplogical  data, are 
widely elaborated in the specific literature. Unfortunately, there are mostly the data of adults and it 
is very seldom to find respective children's data and partially of the children since their born up to 
the two years. Knowing the values of these anthropometrical values are very important in a such 
examples when we use the biomechanics as the method of growing analysis.  

2. Methods and materials 
Harmonically constructed circle 
 The construction of harmonically circle is based according 
to Zederbauer on a regular triangle with hypo-tenuse a, and 
sides b, as it it shown in figure 1. After we draw over sides of 
triangle respective squares, we can finally draw the circle of 
radius R that passes through the peaks of a such geometrical 
construction. Mathematical relations between this geometrical 
values gives the harmonically numbers. Derived values of this 
relations are: 
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which we call the harmonically determined numbers. This harmonically numbers were applied on a 
many natural and artistic examples showing surprised correlations between the dimensions of ana-
lysed objects or subjects. 
 

3. Harmonically circle and the net of a body lengths canons 
 As the first step in children’s dynamic anthropometry was in determination of the two main an-
thropometric characteristics as they are body length (standing height) and actual weight of the body 
as the functions of canonical and harmonically dependence. On the same way as we determined for 
adults so called eight head length canon, it is possible to apply four head length canon to the rela-
tions of the anthropomeasures at newborn babies as it is shown in the figure 2. Confirmation to this 
hypothesis we found in the relative relationships of the fundamental compositions of the newborns 
and adults, as it is shown in Table 1. 
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Table 1. Relative relationships of the body composition

Part Newborn Adult 
Skin and fat 26% 25% 
Intestines 16% 14% 

Nerves 15% 3% 
Muscles 25% 40% 
Bones 18% 18% 

 
According with the four head length canon of the
newborn babies well as the children of two years, we 
established respective net in two directions.  There 
are also obvious differences of the canons application
to the children and the adult. Our research in the dy-
namical anthropomeasures of children resulted as first
with prove of harmonically validity between the seg-
mental and dimensional values. From the shape of the
newborn baby in two directions located in the net of
four squares we defined approximate ellipsoids re-
spectively to the body parts, according to the Fig. 3.
From this approximation we calculated out respective
volumes of body parts as follows: 
Head and neck - approximately:   655,0 cm3 
Trunk:      1962,5 cm3 
Hand:        226,9 cm3 
Leg:         250,0 cm3. 
 Total volume, of a such body with lengths of 50
cm, is 3571,3 cm3, what gives with specific density 
γ = 1,09 kg/dm3 the new borne body mass of 3,9 kg. 

 
Figure 2. Comparative canons for an  

adult and newborn 
 

 
Figure 3. The contour of the newborn  

baby-4 head length canon 

4. Conclusion 
 The established method of drawing the newborn’s contours and wire model by the application 
of harmonically circle and four head length canon represents an easy and simple method with the 
use of which it is possible to determine the linear anthropomeasures of the new born baby of differ-
ent height within normal limits directly from the knowledge of his height from head to heel. It is 
also shown a relative good correlation between harmonical values in different head length canons. 
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Abstract 
 
 This work is aimed at a movement of a stiff body in a real liquid, here is presented solid 
problem with small clearances between an inside body and outside bound. In the technical 
applications there are squeeze film dampers and hydrodynamics bearings. They are very often 
used in the rotor systems. 
 Squeeze film dampers together with roller bearings  are used in  the jet engines for 
reducing vibrations. Squeeze film damper is located  between outer ring of roller bearing and 
engine frame. Radial clearance is rather small, only several decimals of millimeter. This 
hydrodynamics system added to a vibrating shaft additional effect, namely adding mass and adding 
damping. And this effect are very important and we can not neglect it. 
 In the literature is analysis of the squeeze film dampers very often publicize e.g. [1],[3]. 
Foundation all analyses is based on a Reynold‘s equation, it is motion equation of liquid. The liquid 
motion between inner and outer ring is assumed as one-dimensional flux by the straight line, whose 
length  equals inner ring circumference, the pressure of the lubricant is constant in the radial 
direction. Are analyzed long and short, cavitatings and noncavitating squeeze film dampers and 
hydrodynamics bearings.  
 In this work is presented new access to analysis motion of the rigid body in the liquid. This 
access is based on a Navier-Stoke’s equation and was developed by F.Pochylý and E.Malenovský 
from VUT FSI, it is presented for example in [4]-[6]. The pressure in the radial direction is 
changeable, and the circumferential flow of the liquid is included. Using the suitable substitution, is 
possible to solve motion of the rigid body and the liquid separately. To analysis of the liquid 
motion is adopted control volumes method with Bézier body application.    

The Bézier body is also used for description of a geometry configuration  and also for 
approximation of speed and pressure function in curvilinear co-ordinates system [7]. Presented 
theory was pre-set in MATLAB programming code.  

There are two approximation of the SFDs, namely long and short approximation. For a 
short damper φ∂∂>>∂∂ // pzp ,  for a long damper zpp ∂∂>>∂∂ // φ . In this work is 
analyzed especially short SFD,  which is a solid problem. 
 This is a new access to analysis, so we must compare this access and existing solutions 
based mostly on a Reynold’s equation. In this work are compared speed and pressure profiles 
and largely added effects. On the model examples are compared added effects for distinct 
geometrical dimensions and for distinct eccentricity of the outer ring of the journal in the 
squeeze film damper. 
 Important part is determination added effects depending on journal position in the 
damper. This effect must be included to the solution of the rotor system.  
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1. Introduction 
 The finite element models based on the displacement method are very popular in 

engineering. However, thin plate bending elements based on the Kirchhoff theory may cause 
unconvergence problems due to C1 continuity requirement. Quadrilateral displacement element 
with 12 degrees of freedom and a polynomial expression does not satisfy the C1 continuity 
requirement. Therefore, 12 d.o.f. plate element based on displacement method with the weaker 
continuity requirement, called non-conforming elements has become a challenge to many 
researches.  

Many alternative ways for improving the behaviour of quadrilateral thin plate element in 
distorted mesh have been developed. The most significant of them are: hybrid stress element, 
discrete Kirchhoff element, generalized conforming element and refined non-conforming element. 

An alternative way is modelling based on the Reissner-Mindlin theory instead of Kirchhoff 
theory. In this case only C0 shape function continuity is required, hence an interpolation field is 
more easily constructed. In the most plate elements using Reissner-Mindlin assumptions, the 
interpolation used for the transversal displacements and the rotations involve the independent 
representation of each variable by its nodal values, usually with identical interpolations. To ensure 
a higher order of expansion for displacement, the concept of linked interpolation [1] of the 
displacement and rotations is introduced.  

An independent representation of translational and rotational field and linking of them can be 
also used for improving the accuracy and convergence of quadrilateral thin plate element.  

This paper presents a quadrilateral four-node thin plate bending element with a full 
compatibility of displacements and rotations at the nodes. The element has independent 
translational and rotational degrees of freedom at each node. This is in accordance with a unified 
approach to structural system modelling [2]. Similar element with independent translational and 
rotational d.o.f. and Hermitian shape functions has been developed in [3]. 
The shape functions for the approximation of the displacement field in this paper are determined 
from a polynomial of the fourth order. The different interpolation is used for translational and 
rotational part of the displacement field. The chosen shape functions satisfy the homogeneous 
differential equation of the thin plate bending and ensures a high order of interpolation for the plate 
displacement. The developed quadrilateral element has 12 degrees of freedom and posses very 
good performances. 

2. Approximation of the displacement field 
In this paper the finite elements with three degrees of freedom independent of each other are 

used, one translational displacement wi perpendicular to the plate mid-plane and two rotational 
angles ϕi and θi around the two orthogonal axes located at the plate mid-plane. The unknown 
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displacement vector ui at each node i (i=1, ..., n) of the plate element and the corresponding vector 
of the shape functions Ni can be represented as follows: 

[ ]T
iii ,,w θϕ=iu ,       [ ]θϕ iiiw n,n,n=iN  (1)

where niw is the shape function with a unit translational displacement at the i-th node, while niϕ and 
niθ  are the shape functions with a unit rotational angle around the local coodinate axes ξ and η, 
respectively. The shape functions at the first node are given with next expressions [4]: 
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The shape functions satisfy the homogenous differential equation of the thin plate bending. 
Therefore, the equilibrium at the nodes is achieved without introducing the external forces.  

The four-node plate element with independent translational and rotational d.o.f. is tested on few 
examples: a simply supported, clamped and corner supported square plate discretized by square and 
quadrilateral elements, a twisted ribbon and a skew simply supported plate. The results of 
computation are compared with analytical solution and also with those obtained with some other 
plate finite elements. 

3. Conclusions 
An arbitrarily quadrilateral thin plate finite element with independent translational and 

rotational degrees of freedom and different shape functions for the approximation of the 
displacement and rotations has been presented. The shape functions satisfy the homogeneous 
differential equation of the thin plate bending. The procedure for transforming the second-order 
derivatives of the shape functions from the local to the global coordinate system, which is 
necessary for evaluating a strain and stiffness matrix, is developed. Several examples analyzed to 
show a quality of the numerical solution. The numerical solution in the examples with a regular 
discretization (a square and a rectangular finite element) converges very fast to the exact solution. 
The increasing of the ratio of rectangular element sides has no influence on the numerical solution. 
The convergence of the numerical solution for discretization with parallelogram and arbitrarily 
quadrilateral finite elements is also achieved. 
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1. Introduction 
     Combine harvesters are multiple machines composed of the harvesting and threshing machines, 
a grain tank, the driving motor with the energy transmitter and the steering and operating machine. 
All of these compose a technical whole lying on the solid construction frame with the cab for the 
driver. Both in Europe and in the rest of the world combine harvesters with tangential system of 
harvesting prevail. The grain mass (harvested grain crops) is brought in thin layer to the point 
between the cylinder and the grate concave. About 80% to 90% of the grain is separated from the 
grain mass by means of beaters within the rotating cylinder (Brkić, Kutzbach). The alternate 
rubbing of the grain mass layers creates friction forces and inertial forces (Meleg). The pressure 
generated is transmitted over the cylinder shaft onto the bearers, which is onto the construction 
frame of the combine (Pandurović). The experiments were performed in artificial conditions in 
order to get the cylinder load pressure quantitative assessment. 
 
2. The Material and the Methods of Work 
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Figure 1. The Scheme of the vibrations on the bearers 
 
     To obtain the quantitative assessment of the threshing cylinder load pressure the vibrations 
(accelerations) were measured by means of an induction giver at B12/200 acceleration with 
frequency 200 Hz. Its signal is filtered in the operational unit - digital measuring amplifier 
DMC9012A, and with optical transducer OA1, so that the instruments display the amplitude values 
and the angle of the phase. 
     The HBM measuring equipment was used to measure the vibrations on the cylinder of Farm 
Liner Combine Harvester, produced by Đuro Đakovic – Županja who production was designed for 
family farms. The grain masses in different quantities were continually fed into the threshing unit. 
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Previously hand harvested grain mass was weighed for the mass flow, the spikes pointed forward 
were placed onto the 6.0 m long and 0.6 m wide conveyor. 
 
3. Investigation Results 
 

     The obtained acceleration values depend on the grain mass flow and are approximated by a 
linear function as is:  

a = 1.254 + 1.55·q     (1) 
 
     Where   1.254 = acceleration of empty work 
       q = the quantity of  grain mass flow, kg/s 

a = vertical acceleration of the bearer, m/s2 

 
Diagram 1. Graph showing the dependence of acceleration on the grain mass flow 
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4. Conclusion    

     The grain mass flow is conveyed between the cylinder and the grate concave of the combine 
harvester. The beaters crash the ties between grains and wheat spikes generating friction and 
centrifugal forces by collision and rubbing the layers of grain mass. The experiment in artificial 
work conditions provided data of cylinder bearer vibrations. Statistics - mathematical analyses of 
the measuring results proved linear dependence of acceleration (and the load pressure) on the grain 
mass flow. The optimal mass flow of 3.5 kg/s increases the acceleration 4 times (and the load 
pressure) in comparison with the empty cylinder work. It means that work forces of grain 
separation (collision and friction force) are three times higher compared to idle centrifugal force. 
Low idle vibrations indicate quality balance whereas resonance lack show quality threshing 
cylinder construction. 
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1. Introduction 
 The bending theory of thin-walled beams with influence of shear will be considered. The 
analytical solution for stress distributions will be investigated 

2. Stresses in thin-walled beams subjected to bending with influence of shear 
 The shear stresses are   

             y z z y
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z y
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where ( )y yQ Q x= and ( )z zQ Q x= are the shear forces with respect to y and z-axis. 
       The normal stresses are obtained as  

0 0
d dw vs sy y z z

x z z y y
y rz y z ry z

M SE E M E E Sz q z q s y q y q s
I GA GI t I GA GI t

σ
∗ ∗

= + − − + − +∫ ∫
 

, ,

y y yz z z

r zy r yz

q E N Bq E N Bz y
GA GA A A I Iω ω

ω ω+ + + + + +
 

where ( )y yM M x= and ( )z zM M x= are the bending moments with respect to y and z-axis; 
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 In the case of the cross-sections with one axis of symmetry (for example, z-axis): 

0 0
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where due to the symmetry 0z zA S∗ ∗ = , 0z yS S∗ ∗ = , 0zS Sω
∗ ∗ = . 

 In the case of the cross-sections with two axes of symmetry: 
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where due to the symmetry 0z zA S∗ ∗ = , 0y yA S∗ ∗ = , 0z yS S∗ ∗ = , 0zS Sω
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3. Illustrative example 
            For bending in the vertical plane the normal stresses may be expressed as 
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For the T-section 1b h= , 1t t= ,  for simply supported beam under uniformly distributed transverse 
load , 2 8y zM q l= , 2,6E G = : 

( )25,512 /h lχ ′ = ; ( )2
1 5,633 /h lχ ′′ = ,  ( )2

2 3,910 /h lχ ′′ = ; ( )2
1 1,298 /h lχ ′′′ = − ,  ( )2

2 0,433 /h lχ ′′′ = , 
where l is the beam length. Thus, for 1s h= − and 2s h= , respectively: 
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4. Comparison with finite element method 
 The beam is modelled by quadrilateral membrane elements; the case 1 5h l =  by 1440 
elements, and the case 1 3h l =  by 1536 elements; 210 GPaE = and 0,3ν = . 

Table 1. Comparison of the results of the analytic solution and FEA 
   1φ          FEA       1∆     2φ          FEA         2∆  
h/l=1/5 1,047      1,045      0,2  1,047       1,046       0,1 
h/l=1/3 1,131      1,145      1,2  1,130       1,135       0,4 

 Here 1 1( FEA- / ) 100φ φ∆ = ⋅  and 2 2( FEA- / ) 100φ φ∆ = ⋅ . 

5. Conclusion 
 The stress distributions for bending with influence of shear of thin-walled beams are obtained in 
the closed analytical form. It is assumed that normal stresses in the transverse direction are small 
compared to the normal stresses in the longitudinal direction. The expressions are obtained for the 
beams with general thin-walled cross-sections. 
 The comparison with the results of the finite element analysis of a thin-walled beam with T-
section subjected to uniform transverse loads has shown a high agreement of the obtained results. 
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When concrete is heated to several hundred degrees Celsius, its behaviour is altered signifi-

cantly, becoming highly non-linear. This is an important issue to include when concrete is to be 
modelled and analysed under simultaneous loading and heating. The mechanical properties such as 
strength and modulus of elasticity are generally found to be decreasing with temperature, while 
high temperatures are found to significantly enhance the time dependent creep characteristics. Fur-
thermore, a constitutive model also has to include the important experimental finding that altera-
tions in strength, stiffness and creep depend on the combined load and temperature history. A sim-
ple constitutive model for concrete behaviour under transient temperatures has been proposed 
based upon a rheological model suggested by Thelandersson (1987). The total strain is decomposed 
into pure mechanical strain, free thermal strain and load induced thermal strain.  

 

( ) ( ) ( ) ( ), , ,m ft c tmT T T T= + + +ε ε σ ε ε σ ε σ        (1) 

where the last term is often termed transient creep and includes temperature dependent conven-
tional creep and thermal-mechanical strain, whereas the conventional creep is ignored. The load in-
duced thermal strain, corresponding to the last two terms of eq (1), is determined experimentally by 
measuring total strains during first time heating on a concrete specimen under sustained loading. 
The free thermal strain, recorded on an unstressed specimen, and the initial elastic strain are sub-
tracted from the total strain to give the load induced thermal strain (or transient creep) as a function 
of temperature. The thermal-mechanical strain is irreversible and occurs only during first heating 
due to the combination of stress and temperature increase. During heating these strains relax the 
stresses arising from thermal gradients and incompatibilities between the aggregate and the cement 
paste. Significantly, however, the irreversibility of the thermal-mechanical strain leads to the build 
up of tensile restraining stresses during cooling. The model introduces a parabolic expression to de-
scribe the uniaxial thermal-mechanical response, whereby β −  is a bi-linear function of tempera-
ture. Here it is assumed that the load induced thermal strain is restricted to compression only  

( )( ) ( )
0

1 sgntm
ij c ij c kk ijT

c

T
f
βε ν σ ν σ δ ω

−
− −= + −    (2) 

where β − is the coefficients of compressive and uniaxial thermo-mechanical strain respectively. 
−σ  is the negative projection of the stress tensor, and the ( )sgn ω  has been introduced to recognise 

the irreversible nature of thermo-mechanical strains. Furthermore, a transient creep Poisson’s ration 
is introduced to describe the corresponding lateral thermal-mechanical response. Loss of strength 
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and stiffness due to mechanical processes is included via a coupled plasticity/damage formulation 
and thermal damage is included via the introduction of thermal damage parameter 
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Figure 1. Load induced thermal strain. Numerical predictions compared to experimental results. (1) 

Set 1, Figure 3; (2) Set 2, Figure 3; (3) Set 2 plus initial prestress σ = -0.3fc0; (4) No thermo-mechanical 
strains; (5) Set 2 plus cooling from 480 oC; (6) & (7) Experimental results, Ehm (1986) and Schneider 

(1986). (E0/fc0 = 500). 
    Figure 1 illustrates the effect that transient creep has on the response of the concrete member, 
whereby the stresses are significantly relaxed as compared to the response obtained when the ther-
mal-mechanical strains were omitted. Moreover, Curve 5 illustrates the effect that transient thermal 
creep can have on such restrained structural concrete members; on cooling the thermal-mechanical 
strains are not recovered and therefore there is significant potential for cracking to occur (Rankine 
yield criterion adopted for the tensile response). 
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1. Introduction 
 Special profile measurements of the second values of the wind velocity and direction were 
performed in the period 14.03.2002. – 15.05.2001. at the construction site of the Dubrovnik bridge.  
The measurements were taken at the altitudes of 10, 52 and 140 m for one profile (cross-section) 
and at the elevation of 52 m at another profile, at a distance of 300 m from the first one. The 
investigations have shown that the 10-minutes averaging period is not sufficient to give a correct 
presentation of the turbulent characteristics of Bora in the Croatian coastal region and on the 
islands and that it is necessary to have the shortest possible averaging period the wind velocity with 
the required knowledge of the vertical change in the wind direction and velocity. 
 The paper deals with the data of the first second value profile measurements in Croatia 
performed in 2001 at the Dubrovnik location. 

2. Profile measurements and turbulent characteristics of the Bora wind 
 The presented relationship between the maximum wind gusts and velocities averaged at 
intervals of 1, 10, 60 and 600 seconds (10 minutes) show that the Bora wind in the Dubrovnik 
region is a locally catabatic wind with a highly changeable intensity. This is particularly important 
considering the dynamic wind action upon the structures and it represents an entirely different load 
from those caused by stable winds with different directions (such as Jugo). 
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Figure1: Profile changes of the wind velocity       Figure 2: Profile changes of the wind velocity                
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Additional analysis of profile measurements points to the turbulent characteristics of the Bora wind 
where in the change of 1 second wind velocity were analyzed at the measurement points of the first 
profile for two characteristic cases (Figures 1 and 2). 
 It should be noted that the changes in the Bora velocity considering altitude significantly 
differ from the wind profile recorded in literature, which is especially evident when in our case the 
wind velocity constantly changes and in most cases the values decrease with the profile height. 
 Turbulent characteristics of the Bora are best described by the difference between the 
turbulence intensity (Iv) for specific wind velocities averaged at different time intervals and the 
value of the catabatic factor (FM) which has been defined by the ratio between the maximum 
instantaneous wind velocity and the maximum average wind velocity at an interval. 
 In this paper the turbulence intensity was computed by using available data in two ways:  
Ivl  - as a ratio between the standard deviation of the average interval of wind velocity and the  
           average interval wind velocity and as 
Iv2  - as the ratio between the standard deviation 1 sec, i.e. 1 min and the average minute, i.e. 10   
           minute wind velocity 
According to the data available in Dubrovnik it is possible to compute the catabatic factor as: 
FM1 - ratio between the maximum wind gusts and the average wind velocity 
FM2 - ratio between the maximum gust and the maximum gusts at averaging intervals 

 3. Discussion and conclusion 
 The results of 1 second profile measurements of the Bora, a dynamic and locally catabatic 
wind, were analyzed. 
Special attention was paid to the turbulence characteristics of the wind dependent upon the 
averaging interval of the measured wind velocity (1 second, 10 seconds, 60 seconds and 600 
seconds) in order to determine the excitations (dynamic) action of the wind upon slender high 
structures. 
The obtained values of the turbulence intensity Iv and the catabatic factor FM (Table 2) and the 
recorded measurements of the wind velocities at each point (Figure 4-7) evidently prove that the 
turbulent component of the wind is better expressed for the wind with shorter averaging periods – 
second values of wind velocity. 
Subsequently, it can be concluded that the 10 minutes averaging period recommended by 
Euronorms as a reference velocity for structures with a wind load is not sufficient to determine the 
real values of the turbulent characteristics of the Bora and they should be determined, in cases of 
high slender structures (with a dominant wind load) according to the second values measurements 
of the wind. These investigations represent meteorological basis for the development of the 
Croatian regulations for the dynamic wind load upon structures.   
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1. Introduction 
 The paper treats application of incremental harmonic balance method (IHBM) combined by 
multiple time scales for computing the steady-state periodic or almost periodic response of nonlin-
ear dynamical system, which instead of the time domain applies the frequency domain. In this pa-
per, IHBM with multiple time scales will be applied to treat a nonlinear dynamical system gov-
erned by van der Pol – Duffing equation: 

( ) ( )
2

2 2 3
02 1d u duu u u f cos t

dt dt
ε µ Ω α ω ϕ− − + + = +  

(1)

 The time response of van der Pol – Duffing oscillator is formulated in terms of one time scale 
1 1tτ ηω=   for periodic oscillations and by two time scales 1 1tτ ηω=  and 2 2tτ ηω=  for almost 

periodic oscillations. The periodic response is composed from harmonics of the fundamental fre-
quency 1ω ω=  so that all frequencies involved are commensurate.  Opposite to this, an almost pe-
riodic response is composed from combination tones of  noncommensurate frequencies 1 2,ω ω .  

2. Method 
  By expanding all terms in Taylor series about the initial or guessed solution and keeping only 
expansions, which are linear in increments we first linearize equation (1) and then apply the 
Galerkin procedure to obtain linear algebraic system of equations for unknown Fourier coefficient 
increments: 

1

SM

k k
k

∆ ∆ η∆ω
=

⋅ = + −∑H a R F Q  
(2)

 Instead of parametrization with natural parameter, which fails in turning points, we introduce 
the parametrization by the arc lenght of the curve. The improved arc length continuation is used 
also to obtain equations of tangents in period doubling points. The stability of solutions is deter-
mined in terms of multiple time scales by using Floquet theory. 

3. Computer simulation results 
 The paper presents construction of a bifurcation diagram for hinged – hinged beam. Small de-
flections ( ),w x t  of the beam from the equilibrium are described by means of the dimensionless 
variables:  
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( )
212 2 4

2 2 4
0

w w w w wc K dx F x ,t
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∫  
(3)

With nondimensional bending force ( )F x ,t f cos n t sin xω π=  and sinusoidal deflections w  
along the coordinate x : 

( ) ( )w x ,t u t sin xπ=  (4)

one obtains Duffing equation, which describes the time dependence of the beam deflections: 

( ) ( )
2

2 2 4 3
2

d u du 1c u K u f cos n t
dt dt 2

π Γ π π ω+ − − + =  
(5)

When nondimensional axial force takes the Euler critical value 2Γ π= , equation goes over on the 
form: 

( )
2

4 3
2

d u du 1c K u f cos n t
dt dt 2

π ω+ + =  
(6)

 The beam bending in dependence on amplitude of exciting force is the basis for construction of 
bifurcation diagram with a very rich structure, which finally lead even to the chaotic oscillations. 
An example of such diagram is computed by IHBM with one time scale, 1SM =  and is shown on 
the Fig.1, where is supposed, that beam is loaded by nondimensional bending force 

( )F x ,t f cos 2 t sin xω π= . 
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Figure1. Bifurcation diagram of beam bending response in dependence on exciting amplitude. _____ sta-

ble solution, ----- unstable solution 
 

As second example, the simulation results of amplitude curves of van der Pol-Duffing oscillator, 
which correspond to periodic and almost periodic oscillations are presented.  
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1. Introduction 
 A thin plate with a straight crack is considered. The crack is loaded with two pairs of co-linear, 
concentrated compressive forces which act on the surface of the crack and open it, while the edges 
of the plate are free of loading. Two parameters of elastic-plastic fracture mechanics, i.e. the mag-
nitude of the plastic zone around the crack tip rp and the crack tip opening displacement δ t are ana-
lyzed in this paper. Analytical methods of the theory of functions with complex variables are used 
in the analysis of these two parameters. The Dugdale plasticity model is used for modelling narrow 
plastic zones around the crack tips.  

2. Definition of boundary conditions; loading and geometry of a plate 
 In this paper, we consider a thin, infinite plate ( z∈ D, D: | z | ≥ 0 ) with a straight crack of a 
length 2a, placed on the axis x ( z∈ L, L: | Re z | ≤ a, Im z = 0 ). The  boundary conditions on the 
free edges of the plate can be written as follows 

0=xxσ  ,   0=yyσ  ,    0=xyσ  ,          for         ∞→z . (1)
The additional boundary conditions for the crack surface are 

0≠xxσ  ,   0=xyσ   and 0=yyσ  ,                 for                 z ∈  L (2)
except in the points Re z = ± c and Im z = 0 where the following condition must be satisfied 
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3. Equations of the plane theory of elasticity in a complex range 
 In this paper, equations, which give the basic combinations of stresses and displacements, will 
be transformed by introducing a new analytical function of a complex variable Z(z), so that         
Z(z) = 2 ϕ ´(z).  The considered equations have assumed the following form 
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In the expressions (4), A is a real constant, µ is a shear modulus, and ν is Poisson’s ratio.  

4. Cohesive zone around a crack tip 
 According to the Dugdale model, the plastic zone is a narrow strip extending from the crack tip 
in the direction of the crack plane (Figs.1a and 1b). The Dugdale model considers, instead of a real, 
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physical crack, an equivalent elastic crack of length 2b (Fig.1c). Sections of this imaginary elastic 
crack a ≤ x ≤ b are subjected to constant cohesive stresses σY (Fig.1c).  
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Figure 1. a) Loading on the crack, b) Plastic zones around crack tips,  
c) Constant cohesive stresses σyy(x) = σY on a section of an imaginary crack. 

5. Derivation of Westergaard’s complex function for the Dugdale model 
 In order to derive Westergaard’s complex function for the Dugdale model, we consider the 
equivalent elastic crack of length 2b instead of a physical, blunted crack of length 2a. Wester-
gaard’s complex function for the Dugdale model will take the form [2] 
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6.Determination of the displacements on the crack surface and of crack tip opening 
 In fracture mechanics, the most interesting issue is the analysis of displacements of the points 
on the surface of a physical crack, on its tip, and within the zone of plastification around the crack 
tip. Since these points belong to the axis x, it follows that y = Im z = 0 and  z = x, so, from the third 
equation of the set (4) simple equations for displacements are obtained 

[ ] [ ] ,d)(Im2)(,d)(Re1)( ∫∫ =−= zzZ
E

zvzzZ
E

zu ν   for  .0Im =z (6)

7. Conclusion 
 The analysis of some parameters of elastic-plastic fracture mechanics, such as the magnitude of 
the plastic zone around the crack tip rp , the crack centre opening displacement   δ c, and the crack 
tip opening displacement δ t (CTOD), has been carried out in this paper. The Dugdale model of 
plastic yielding has been used for modelling the narrow yield bands around the crack tips, under the 
assumption that the cohesive stresses Yσ  are constant in the yielded zone. The assumption of elas-
tic-perfectly plastic model of the plate material has been introduced. Analytical methods based on 
the theory of functions of a complex variable have been used in the analysis of these parameters.  
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1. Introduction 
 In this paper, we aim at creating a new and more reliable micromehanism of plastic yielding in 
the cohesive zone, which would better describe the real elastic-plastic state of the material around 
crack tips. The assumption of variable cohesive stresses σY within the plastic zone is introduced. It 
is necessary to carry out an iterative procedure in order to establish a law of cohesive stresses dis-
tribution. The improved micromechanical model has been applied in the analysis of the elastic-
plastic fracture mechanics parameters such as: the magnitude of the plastic zone around the crack 
tip rp, the crack tip opening displacement δt, the displacements on the crack surface, etc. 

2. Definition of boundary conditions; the loading and the geometry of the plate 
 A thin, infinite plate (z ∈ D, D: | z | ≥ 0) with a straight crack of the length 2a, lying on the axis 
x (z ∈ L, L: | Re z | ≤ a, Im z = 0) is considered. Boundary conditions can be written in the form of  

( ) ∞
∞ == σσσ kz xxxx  ,    ( ) ∞

∞ == σσσ yyyy z ,    ( ) 0=zxyσ  ,         for        ∞→z . (1)
In expressions (1), the real constant k is the biaxial load ratio. It takes into account the dependence 
of the loading parallel with the crack plane on the loading perpendicular to it. The surface of a real, 
physical crack is free of loading, therefore, additional boundary conditions can be written  
       ( ) ( ) 0== zz xyyy σσ ,   for  Lz ∈ ,   and  ( ) ( )zzyy Yσσ = ,   ( ) 0=zxyσ ,   for    *Lz ∈ , (2)

where L*: a ≤ | Re z |≤ b = a + rp, Im z = 0. σ Y(z) stands for variable cohesive stress in the yielded 
zone. Allowing that cohesive stresses σ Y(z) in the plastic zone are changing, hardening of the ma-
terial is modelled. 

3. Tresca’s and Mises’ yield criteria 
 When the Dugdale strip yield model is applied, the cohesive zone around the crack tip is con-
sidered as a narrow strip of yielded material extending from the tip of the physical crack in the di-
rection of the crack plane. Since the plate material has the property of hardening, it means that the 
increased loading will cause the increments of stresses and of elastic-plastic strains. The equivalent 
stress σ equ will then be equal to the current yield stress of the material σ Yc, where σ Yc > σ Y0. The 
equivalent stress σ equ can be determined from Tresca’s or from Mises’ yield criteria which can be 
written in the analytical form as 

( )[ ][ ][ ] ,02
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22
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22
0Y

2 =−−−− σσσσσσσ yyxxyyxx  (3)
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0Y
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4.Cohesive stresses in the plastic zone in the case of isotropic hardening of a material 
 It is assumed that the plate material has the property of hardening, to be more precise, either of 
linear hardening (ET = const.), or of non-linear hardening where ET = ET( pε ). ET stands for the 

tangential elastic-plastic modulus, and pε stands for plastic strain. Hardening of the material is iso-
tropic. According to the work hardening hypothesis, the parameter of hardening κ  is equal to the 
work of plastic deformation. According to another one, this parameter is equal to the equivalent 
plastic strain pε . The latter hypothesis is known under the name of strain hardening hypothesis.  

5. Magnitude of cohesive zone around the crack tip 
 The magnitude of plastic zone rp around the crack tip is determined under the assumption of 
linear distribution of cohesive stress σ Y(x) in the yielded zone, Fig.1b.  
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Fig. 1. a) Plastic zone around the crack tip, b) linear distribution of cohesive stress in the yielded zone 

We get a transcendent equation from which we can determine, numerically, the length of the ficti-
tious elastic crack b, and rp = b - a 

( ) 01arccos1
2
π 2

Y01YY01Y =





−−+














 −−






 −∞ b

a
b
a

b
a

b
a σσσσσ  . (5)

6. Conclusion 
 In this paper, we have tried to form a more reliable micro mechanism of plastic yielding in the 
yielded zone around the crack tip, which would better describe the real elastic-plastic state of the 
material. Dugdale strip yield model has been used for describing yielded zones. Our aim has been 
to model cohesive stresses in a plate made of a linearly hardening material. Isotropic hardening of 
the material has been assumed. A hypothesis of variable cohesive stresses σ Y(x) within the plastic 
zone has been introduced. It would be possible to determine the magnitude of the cohesive zone 
around the crack tip rp, as well as the crack tip opening displacement δ t  using analytical methods.  
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1. Introduction 
 Seismic response of reinforced concrete nuclear spent fuel containers has been studied 
intensively in recent years. These studies were motivated with many heavy damages caused by 
strong earthquakes, like Alaska (1964.) or Parkfield (1966.). Some of results can be found in [1], 
[2] and [3]. In many of this studies, the flexibility of the structure with main nonlinear effects is not 
fully taken into account. This may be due to the fact that containers are usually made of reinforced 
or prestressed concrete and dominantly was analysed independent of the surounding liquid. 
Nevertheless, the flexibility of the containers must be taken into account in their dynamic analysis, 
together with liquid-structure dynamic interaction. 
 This paper shortly presents the results of seismic analysis of open rectangular reinforced 
concrete nuclear spent fuel container. Adopted model includes dynamic interaction of coupled 
liquid-structure system, as well as material and geometrical nonlinearity of the structure and 
material nonlinearity of the liquid. 

2. Numerical model 
 Adopted numerical model for dynamic analysis of 3D fluid-structure coupled problems can be 
found in [4].  
 Applied model for dynamic analysis of shells can be found in [5], [6], [7], [8] and [9]. The 8 and 
9 node curved shell element, without so-called shear and membrane “locking”, have been used. 
Material model of structure is relatively simple and at the same time it includes dominant nonlinear 
effects of the reinforced concrete structures behaviour, such as: 

− concrete yielding under compression, 
− cracks development in concrete under tension, 
− cracks opening and closing, 
− tensile stiffness of cracked concrete, 
− shear stiffness of cracked concrete, 
− nonlinear behaviour of the steel, 
− influence of strain rate on mechanical characteristics of steel and concrete. 

 Concrete properties can vary for each layer of the shell. The reinforcement is modelled as a 
special layer of respective thickness, with strength and stiffness in the direction of the steel bars. 
Geometrical nonlinearity (large displacement) of the structure can be also included. 
 For the fluid discretization, 20 or 27 node “brick” isoparametric finite elements have been used. 
Pressure formulation for linear, or displacement potential formulation for nonlinear fluid 
(cavitation) are adopted [4]. A fluid can be considered compressible and viscous. The Eulerian 
formulation have been used to define the fluid motion, assuming small displacements. Explicit-
implicit Newmark’s time integration is employed to predict the hydrodynamic pressures change. 
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3. Example 
 The Figure 1 depicts a typical open flexible container, wich is analised in this work, with length 
L=50 m, width W=20 m, height H=10 m, and the wall thickness t. The analysis is provide for 
thickness t=1.0 m and t=0.5 m. Liquid is partially filled up to the depth Hw. Finite element meshes 
are shown in Figure 2. 
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Figure 1.   Geometry of analysed rectangular 

container 
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Numerical model for time-dependent analyses of concrete shells will be presented. The model is 
based on the one given in [1], [2] for simulation of concrete shells exposed to short-term static 
loading, including the creep, shrinkage and aging of concrete as well as temperature effects. There-
fore, presented model includes dominant non-linear effects of concrete structures behaviour such 
as: 

 non-linear behaviour of concrete: 
 -  yielding and crushing in compression  
 -  opening and closure of cracks 
 -  tensile stiffness between cracks 
 -  shear stiffness of cracking concrete 
 -  creep 
 -  shrinkage 
 -  aging 
 -  temperature changes 

 non-linear behaviour of reinforcement 
 -  yielding in tension and compression  
 -  strain hardening in tension and compression 
 -  temperature changes 

 influence of the change in geometry (large displacements) 
 influence of structure’s construction/development in time 

 
Detailed description of the model could be found in [3], [4].  
 
Eight- and nine-node elements of degenerated curved shell with the layered material model 

across the shell thickness have been used [5]. Each node has five degrees of freedom: three transla-
tion displacements in the direction of global axes and two rotations about the axes in the shell mid-
dle surface. Concrete properties can be different for each layer across the shell thickness. It is 
adopted that each concrete layer is in the plane stress state. The reinforcement is modelled as a 
separate layer of an adequate thickness, with the strength and stiffness defined only in the direction 
of the reinforcement bars.  

 
Linear-elastic behaviour of concrete is assumed until its tensile strength is achieved. Cracks can 

develop only in planes perpendicular to the middle surface of a shell. A smeared cracks model is 
adopted. The model of so-called fixed orthogonal cracks has been used. Partial and complete cracks 
closure in unloading is modelled as well as reopening of previously developed cracks at reloading. 
The increase in tensile stiffness of non-cracked concrete between the cracks has been simulated in a 
usual manner, indirectly via "descending curve" of the εσ −  diagram of concrete in tension. 
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Shear stiffness of cracked concrete (the effects of aggregate “interlock” and dowel action) has also 
been simulated in a usual manner by reduction of the shear modulus (G12, G13, G23) in dependence 
on the value of tensile strain perpendicular to the crack plane.  
The theory of plasticity has been used for modelling of concrete behaviour in compression. At the 
beginning of loading, a linear-elastic behaviour of concrete is assumed until the yield condition is 
satisfied. After that, plastic behaviour of concrete is adopted. The associated flow rule i.e. the as-
sumption of plastic strain vector perpendicular to the yield plane has been adopted. The condition 
of concrete crushing in compression is defined through strain components. In unloading, an elastic 
behaviour is assumed. After crushing, concrete stiffness is disregarded. 

 
The reinforcing bars are modelled as separate steel layers of equivalent thickness at respective 

distance from the middle surface of a shell. Stress can occur only in the direction of reinforcement 
bars. Full compatibility of the displacement of reinforcement and surrounding concrete is taken into 
account. Steel behaviour is described by a bi-linear εσ −  relationship, equally in compression and 
tension.  

 
A Glanville-Dischinger method was used for calculation of uniaxial creep strain, which is based 

on the assumption that the creep rate is the function of current uniaxial stress of concrete σ  and 
the elapsed time t since loading. The creep coefficient values are used according to the EURO-
CODE 2 [3]. Uniaxial shrinkage of concrete has been also described according to EUROCODE 2 
[3]. The aging strain is taken into account indirectly, by an increase in the initial modulus of elas-
ticity and concrete strength in time.  

 
Step by step time integration is carried out, in which the incremental-iterative solutions are 

added to the preceding ones in order to obtain the current solutions. 
 
Based on the presented model, the “TACS” computer program for time-dependent analyses of 

concrete shells has been developed. Since the date on some experimentally tested concrete shells or 
plates exposed to long-term loading were not available, the model has been verified on an analysed 
of reinforced concrete plate. 
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1. Introduction 

New approach to the analysis of coupled vibrations of rigid body and real liquid is pre-
sented in this contribution. Journal bearings are the special types of these coupled me-
chanical systems very often used in rotor dynamic systems. The radial clearance is in order 
of tenths of millimeters. This dynamic system causes additional effects (mass, damping 
and stiffness) relatively to the rotating shaft. This contribution is focused on static analysis 
problem only. 
    In technical experience is distinguished between long and short journal bearings. In long bear-
ings, the pressure distribution around the bearing is invariant along the length of the bearing. 
Physically, this means that there is no flow in the axial direction. J. M. Vance  considers short 
bearing if ratio L/D ≤ 0,25, where L is the axial length of the bearing and D=2R is the bearing di-
ameter. In this case the film pressure turns out to be a parabolic function of the axial coordinate z. 
This contribution is consider with computational modelling of long noncavitating journal bearings.     
  
Theoretical analysis 
 
Basic Navier-Stokes equation for laminar flow has form 

 

               0
2
1 2 =++



 +×+

∂
∂ pgradcrotrotcgradccrot

t
c ηρρ          (1) 

 

    Continuity equation 
 

         0=cdivρ                                            (2) 
 

    If we suppose the same liquid and shaft velocity on inner ring (shaft surface) and zero velocity 
on the outher ring (the bearing), the boundary conditions have form 

 

        S:   •+×= zyc ω  

         Γ:   0=c                                                        (3) 
 

    Let we suppose, that shaft-centre position, velocity and pressure are given as sum of stationary 
and nonstationary parts of solution such as 
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( ) ( )txvxzz ijij j
,0 +=  

        ( ) ( )txwxcc ijij j
,0 +=  

        ( ) ( )txxpp ii ,0 σ+=                          (7) 
 

    
Fig.1 Lemon and offset journal bearing 

 
By comparison items of stationary part we obtained equation system for stationary body motion 
analysis. By comparison items of nonstationary part we obtained equation system for nonstationary 
body motion analysis.  
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A NEW METHOD IN THE THEORY OF PLASTICITY OF PLATES 
 

Riko Rosman 

 Analyzed is a rigid-plastic plate bounded by an arbitrary convex closed curve, laterally sup-
ported and either hinged or clamped along its boundary. In the ultimate limit state the middle plane 
of the laterally loaded plate becomes a zero-Gaussian curvature, i.e. a developable surface. When 
applying the virtual work principle to the corresponding mechanism, the work of the plate's internal 
forces within the plate's boundary is expressed through a double integral of the deflection's Lapla-
cian extended over the plate's interior. To facilitate the analysis, the Green's theorem of the integral 
calculus is used to transform the double integral into a line integral along the plate's boundary of 
the deflection's normal derivative. Concretely, the work of the plate's internal forces during the de-
formation is found to be  

( )1 dV m u= + ∫µ ϕ , (1) 
where m is the plate's positive plastic moment per unit length, or flexural strength, µ the ratio of the 
negative and the positive plastic moments usually chosen in advance, ϕ the slope of the normal of 
the boundary curve with respect to the undeformed plate's surface and u the coordinate oriented 
along the boundary curve. In the special cases of the circular and convex polygonal plates the 
evaluation of Eq. (1) is quite simple, much simpler as with the usual cinematic or mechanism 
analysis procedures.  
 For plates of a more involved form Eq. (1) for the work of the internal forces is transformed. In 
the polar coordinates θ and ( )R R θ=  of the boundary curve and ' d /(d )R R θ=  it takes the form  

( )
22

0

'1 1  dRV m W
R

π

µ θ
  = + +  

   
∫ , (2) 

in the corresponding Cartesian coordinates x and y, with ' d /(d )x x θ=  and ' d /(d )y y θ= ,  

( )
2 2 2

0

' '1  d
' '

x yV m W
xy yx

π

µ θ
+

= +
−∫ , (3) 

where W is the plate's maximal deflection.  
 
 The work of the load is determined as usual.  
As an example the new approach is applied to an elliptic plate subjected to an uniform load and a 
concentrated load at its mid- point, a favorable system for many engineering structures, and a sim-
ple result is obtained for the plate's required flexural strength.  
 
 With a and b as the ellipse's major and minor semi-axes, respectively, and t as a parameter de-
fined in the region (0, 2π), the Cartesian coordinates of the plate's boundary curve are  

cosx a t= ,    siny b t= . (4) 
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 The plate's required positive and negative plastic moments are found to amount  







 +

+µ+
= PQ

ba
abm

31
1

22 , 'm mµ= , (5) 

where Q denotes the total uniform distributed load and P the concentrated load.  
In the special case of the plate hinged along its boundary µ must be set equal to zero, in the special 
case the plate is subjected only to the distributed load P must be set equal to zero and in the special 
case the plate is subjected only to the concentrated load Q must be set equal to zero in Eqs. (5).  
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1. Introduction 
The J integral, as defined by Rice [1], has been used extensively as the fracture mechanics parame-
ter. It was proved by Rice [1] that the J integral is path independent, can be identified with crack 
driving force, and describes stress and strain fields around crack, making it a valid fracture me-
chanics parameter. Anyhow, as stated in the Rice’s original paper, besides other limitations, J inte-
gral is valid only for the homogeneous material, at least in crack direction.  
 In this paper, the influence of weldment heterogeneity is of primary interest and will be ana-
lyzed both theoretically and numerically. Theoretical analysis is applied in order to show that the J 
integral is not path independent for a generally shaped weldment. Anyhow, its path independence 
can be recovered if the modified J integral is introduced, comprising the original J integral and line 
integrals along weldment interfaces.  

2. The modified J integral for multi-material body  
 The modified J integral for a weldment is introduced as for a multi-material body, represented 
by four regions of different material properties, Fig. 1: base metal (BM), weld metal (WM) and two 
regions in heat-affected-zone (HAZ) - one with fine grain structure (FG) and the other one with 
coarse grain structure (CG), as follows: 

 

Figure 1. Integration paths for multi-material body 
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where la denote the closed contour around material interface. The modified J integral is path inde-
pendent, as shown by Savovic [2], and has the following physical meaning: the first integral term 
represents the force acting on both the crack tip and material interfaces (discontinuities of stress 
and strain), whereas the second one eliminates the force on the boundaries.  
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3. Numerical procedure and results 
Numerical analysis of elastic-plastic material behaviour is performed using elastic-plastic analysis 
of two-dimensional problems by the finite element method. Collapsed isoparametric eight-noded 
element around the crack tip are used, producing r-1 singularity.  
 In order to check a weldment heterogeneity influence on the J integral value the finite element 
method was applied to 2D plane strain problem. Both integral terms in eqn (1) were numerically 
evaluated on different paths. Results are shown in Tab. 1, showing the average value of J integral 
for six inner paths, Jave, not intersecting material boundaries, the values of first integral term in the 
modified J integral for the remote paths intersecting the material boundaries (J1, J2 and outer path 
J3), and the values of second integral term in the modified J integral along the boundaries between 
WM and CG HAZ (J4), between CG HAZ and FG HAZ (J5), and between FG HAZ and BM (J6). 

Table 1. Results for J1-J6 and Jave  
J1 J2 J3 J4 J5 J6 JAVE 

41.3062 42.2782 44.6796 -0.79005 0.34121 -0.3501 39.7158 
100.481 95.6042 106.957 -5.58250 5.80860 -4.1670 92.5672 
136.271 127.582 142.554 -8.46372 9.49186 -7.5983 125.372 
202.666 187.190 206.002 -16.3222 16.4976 -14.327 188.772 
247.370 225.526 247.658 -21.4016 23.0434 -20.973 232.632 

 
As can be seen from Tab. 1 the finite element results confirm theoretical analysis of material inter-
face effect on the J integral value. Namely, for all load levels, the Rice’s J integral is path depend-
ent because its values for different paths differ out of the limits of numerical error.  

4. Conclusions 
From the results and their discussion the following conclusions can be made: 
• Directly measured J integral for weldments is generally not equal to the crack driving force be-

cause of path dependence problem caused by material interfaces between BM, HAZ and WM. 
• The effect of material interfaces can be evaluated using the modified J integral, i.e. the addi-

tional line integral, obtained by theoretical analysis in order to regain the J integral path 
independence. 
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1. Introduction 
 Experimental optical method of caustics is established in fracture mechanics through the stress 
intensity factor determination. Recently, the task of experimentation is to analyze the deformations 
of material surface and to assess the structural damage. An objective is the force determination and 
the analysis of the isotropic body contact. The extension to anisotropy introduces the procedure, 
which enables the treatment of composites that are mainly of orthotropic structure.  

2. Theoretical background of the anisotropic body contact 
 Stress distribution in a homogeneous body with rectilinear anisotropy is dependent on only two 
co-ordinates in x-y plane, which is coincident with the plane of any one cross-section. The pre-
sumptions of theoretical approach to anisotropic body contact are: 
  1. The equations for the stress-strain state in the region near the point of force application are 
taken into account.  
  2. The elastic constants in composites for the usual orthotropic mechanical structure have sig-
nificant mismatch in the directions of the principal axes of orthotropy L and T.  
 
 There are several conditions assumed in the analysis: 
  a) material is characterised by the coefficients S Sij ji=  of a compliance material matrix; 
  b) field of analysis of strains and stresses is near the crack-tip but outside the plasticity region; 
  c) material is a homogeneous continuum from macromechanical point of view; 
  d) body is in a state of plane stress. 

3. Caustics analysis of the contact point vicinity 
 In the reflection method of caustics to the non-transparent specimen is loaded and illuminated 
by the concentrated field of light in the zone of high deformation gradients. The light beams are re-
flected and transferred from the specimen surface to the virtual plane at the distance 0z  behind the 
specimen, e. g. from the initial curve into the singular caustic curve. The result on the screen is a 
dark spot, surrounded by the concentrated light on its edge. Light beams conditions are described 
through m as a scale factor (parallel light beams 1=m , convergent light 1<m , and divergent light 

1>m ), h is a thickness of the specimen. The position of one light beam on the screen, at the dis-
tance 0z  behind the specimen, is described by the equation of the light beam components on the 
screen: 
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where 11 µiu −= , 22 µiu −= , may be real or conjugate complex numbers. They contain the informa-
tion about the mechanical characteristics of material in x and y direction in the form of µk as the 
complex roots of characteristic material equation. 

4. Simulations of the optical effects and experimental procedure 
 The dark spot will appear, surrounded by the concentrated light on the edge. The shape of sin-
gular caustic curves that are dependent on different angles of force inclination while the size of 
caustics is proportional to the force intensity. Evaluation of the experimental optical effects is 
based on the properly simulated unit caustics for each position of the principal axes of orthotropy. 
The simulations are performed by using the MATLAB functions. Graphical interface has been pro-
grammed to be used interactively and user friendly in order to change a kind of material (isotropic 
or anisotropic) and shadow illumination parameters. The measuring procedure will be established 
when the experimental optical effects will be taken, processed and compared to the simulated ones. 

5. Conclusion 
 The amount of the applied force as well as its inclination (e.g. in the case of friction normal and 
tangential component of the force) can be identified from the optical effect (dark spot) on the 
screen. The experimentation will provide the development of procedure of contact force determina-
tion and will fulfil the extension of the method of caustics to mechanically anisotropic materials. 
Evaluation of the experimental optical effects should be done on the basis of properly simulated 
unit caustics for each specific position of the principal axes of orthotropy. 

References 

[1] Kalthoff, J.F., “Shadow Optical Method of Caustics”,  chapter in “Handbook on Experimental 
Mechanics” (ed. A.S. Kobayashi,), Prentice-Hall, Engelwood Cliffs-New York, 1987, pp. 430-500.  

[2] Lekhnitskii, S.G. “Theory of Elasticity of an Anisotropic Body,” Mir Publishers (transl.. from Russian), 
Moscow, 1981. 

[3] Rossmanith, H.P.,Zhang, J., Knassmillner R.E., “Kontaktenkaustiken in orthotropen Werkstoffen”, 
Österreichische Ingineur-und Architekten-Zeitschrift (ÖIAZ), 136. Jg., H. 6, 1991, pp. 214-218.  

[4] Semenski, D., Jecić, S., Goja, S., Mažar, L., “On the Method of Caustics in Contact Problem”, Proc. of 
3rd Congress of Croatian Soc. of Mechanics, Cavtat-Dubrovnik, 2000, pp. 389-396. 

 
 
 
 
 



 
 

171

4th International Congress  
of Croatian Society of Mechanics 
September, 18-20, 2003 
Bizovac, Croatia 

  

DYNAMIC BEHAVIOUR OF DEEP WATER MARINE RISER 
 

Ana Maria Ljuština, Joško Parunov, Ivo Senjanović 
 

Keywords:   marine riser, hydroelasticity, sea current, regular waves, analytic solution, finite element 
method. 

Extended Abstract 
The rapid growth of world's demands for larger amounts of energy and continued pursuit for new 
resources of oil and natural gas extended drilling operations to the offshore sites. In the down of 
marine technology, half of century ago in the Gulf of Mexico, the first offshore drilling facility was 
installed and the marine riser concept was applied. In the following decades varies of offshore 
structures, mostly explorational and exploitation, were installed not only in the calm costal waters 
of Mexico and Brazil, but also in the extremely harsh environment of the North Sea. One third of 
current world’s oil production comes from beneath the sea, and most of the drilling operations take 
place at water depths up to 500 m, though some drilling is performed at water depths up to 2000 m.  
Vital part of all offshore productions and explorations structures, drill ships, submersible and 
semisumersible platforms is a marine riser. The marine riser is a conductor pipe connected be-
tween a fixed or a floating offshore structure and the wellhead at the seabed. Marine riser can be 
fixed at both of its ends, but it may be also supported by the articulated tower or tower buoy.  
The sources of environmental excitations, which may influence the marine riser directly or indi-
rectly by exerting forces on other components of the riser system, can be divided into two groups: 
the significant sources like a sea current, surface waves and wind gusts, that exert dominant hy-
drodynamic and aerodynamic forces on the riser and the supporting structure, and the less signifi-
cant ones like internal waves, microseismic waves, tides, tidal and volcanic waves, that are usually 
ignored in dynamic analysis of marine riser. The configuration of the marine riser system varies 
depending on the type of the supporting structure, the site of operations and the environmental 
conditions, but the concept of the riser design hardly changes.  

The present paper is concerned with the analysis of static and dynamic behaviour of the drilling 
marine riser. Marine riser is a specific slender offshore structure simply supported on its ends, ex-
posed to the sever environmental conditions. Among varies influence factors that can exert the 
loads on the structure only the most significant ones are taken into account. The first level of ma-
rine riser analyses is static response due to a sea current and a platform offset, and the second level 
of riser analyses is dynamic behaviour due to the regular waves and platform surge motion.  

The riser structure is modeled as a simple beam column with variable cross section and the axial 
force acting on the top of the riser. Static axial force consists of effective tension force, weight and 
buoyancy of the riser with sea water and drilling mud inside. The transverse load on the riser, due 
to a sea current, is determined according to the simplified current profile. The tidal part is assumed 
to be constant along the riser, and the part of the current caused by the winds is linearly varying 
with the depth. Regular waves are described in accordance with the theory of progressive sinusoi-
dal wave. Horizontal wave load on the riser is specified by the Morison equation that takes into ac-
count inertia and drag force, but neglects the diffraction component. 
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Considering the equilibrium of transverse forces and bending moments, and using the beam 
theory of elasticity, problem of the elastic deformation of the riser exposed to steady sea current, 
riser tension force and platform offset is mathematically modeled by partial differential equation of 
static equilibrium.  

For the beam column model of riser exposed to the regular waves and platform surge motion, 
partial differential equation of vibration is obtained. Axial force consists of static part, i.e. differ-
ence between buoyancy, tension force and weight, and dynamic part due to buoyancy variation in a 
progressive wave. Wave load on the marine riser is modeled by the modified Morison equation that 
takes into account relative motion of the fluid and the riser joint. Complete differential equation is 
transformed in pseudo-linear form and solved by an iteration procedure. Nonlinear problem of ma-
rine riser response to a regular wave is reduced to a set of coupled modal equations written in a 
pseudo-linear form and solved by harmonic acceleration methods and FEM in time and frequency 
domains, respectively. 

In order to determine an approximate solution of riser response, the equation may be 
simplified.   The linearisation of the equation of vibration and Morison equation comprises 
following assumptions: 

a) Dynamic part of axial forces is neglected. 
b) Convective part of acceleration is omitted. 
c) Coupling between the «large amplitudes» of riser motion and excitation force is ig-

nored. 
d) Linearisation of nonlinear drag force. 
 

Linearised drag coefficient is obtained from the equivalence of work of nonlinear and linearised 
drag force and depends on relative velocity between the fluid and a riser joint. Linearised transform 
of partial nonlinear differential equation of marine riser is solved in frequency domain by finite 
element method. Coupled linear modal equations are obtained and the problem is solved iteratively.  

Following the established algorithms, static and dynamic behaviour of marine riser is deter-
mined for the particular riser. The riser is modeled by a 470 meters long finite element system, with 
the constant cross section properties and using 38 beam column elements. The analyses of marine 
riser static and dynamic behaviour are performed by computer programs developed for the slender, 
simply supported structures and adopted for the marine risers. Computational distributions of the 
deflection and bending moments showed the regions on marine riser with highest bending moments 
and largest deflection amplitudes. The largest deflection is at the riser top corresponding with the 
surge motion amplitude. Rotation angle amplitudes, bending moments and shear forces determined 
in time domain show good agreement with the linearised solution. Comparison of the results of 
static and dynamic analyses shows that the vessel motion and waves are the dominant source of 
riser bending stress. Riser displacement, rotations, axial forces, bending moments and natural 
modes and frequencies of free vibration are evaluated for the riser in air and in water. The tension 
force on top of the riser is determined with respect to the maximum allowable static rotation angle 
at the marine riser lower ball joint.  
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1. Introduction 
 
  The "TVD process" has been developed for cheaper and faster building, reduction in required number 
of different operations, combination and integration of several building phases, lowering of montage and 
transport costs and lowering of energy costs in a finished building. Basic building element in the process is 
the "TVD thermo-panel" that has two spaced reinforcement meshes adequately connected with an insulating 
Polystyrene foam in-between thus forming a space truss. Its construction is simple and does not require high-
energy consumption as it is made of standardized materials. Thermal element, held in place with the space 
truss, serves as a caisson for spraying of concrete and eliminates the need of formworks. The sandwich walls 
are completed „in-situ“ by spraying of concrete in several layers. Resulting TVD house is purely monolithic 
structure with interconnected walls and slabs that unite load carrying, energy conservation and sound insula-
tion functions. Thickness of the finished insulated walls varies depending on its use (bearing and non-bearing 
outer- and inner-walls, slabs and base plate). 

 Figure  1 "Sanwich" wall production 

 The load bearing part of the composite “sandwich” walls are concrete withes spaced by the insulation in-
between. Characteristic loading situations are: axial vertical loading, eccentric vertical loading, in-plane shear 
loading and wind lateral loading. 
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2. Experimental testing  
 The experimental tests were needed for studying of the achieved composite action and behavior of the 
“sandwich” walls under various loading situations. Known problematical areas are in material quality and 
characteristics and in achieved composite action of the finished wall. Sprayed concrete usually has about 
20% of voids, has lower modulus of elasticity (40%-70% of the regular concrete with bigger value perpen-
dicular to the spraying direction). "Sandwich" wall has small compressive area and is not suitable for concen-
trated loadings, problematical shear transfer among the withes, etc. Tested were homogeneous and composite 
short walls under axial loading and long “sandwich” panels, under axial loading and moment, lateral and in 
plane loading. Their results are shortly presented here.  

Table  1 Basic geometrical and material characteristics of the tested model walls 

3. Analytical modeling of the "sandwich" walls 
Modeling of the experimental results by nonlinear mathematical models proved to be complicated as many 
parameters influenced the results. It was possible to simulate observed behavior by adjusting parameters in 
various manner although some of them had no physical meaning. Optimal and most logical combination of 
parameters has been chosen for further behavior and close to failure analysis. As nonlinear modeling is un-
suitable for design purposes, proposed is the use of uniform concrete sections with higher safety factors. 
Modifications of analytical formulas were based on the results of experiments and non-linear analysis. 
 
 

 
Figure  2 Comparison of the measured and calculated deformations for Model 1. and Model 3. 
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1. Introduction 
The paper addresses the problem of damage in layered composite shells by computational 

model that starts from the basic assumption that appearance of matrix cracks, in the case of low ve-
locity impact, is interrelated and precursor to the appearance of delaminations, Collombet [2], Razi 
[6]. The numerical procedure elaborated in the paper employs 3D finite elements with reduced in-
tegration in the computation of stress field in the vicinity of the impact point. All calculations have 
been performed within the frame of ABAQUS software as it is possible to implement specially de-
vised subroutines in it.   

2. Formulation of damage modeling procedure and numerical example 
The presented computational model is an extension of numerical procedure developed for 

laminate plates, therefore basic principles and assumptions remain the same as stated in [7]. Com-
posite shell is assumed to be symmetrically loaded and supported. One layer of solid 8-noded ele-
ments is used in discretization of each shell lamina. Elements with reduced integration have been 
applied in order to better capture the flexural behavior of the shell. Material is assumed to be line-
arly elastic, and only cross-ply laminates have been modelled, leading to material symmetry. The 
material model previously defined through user subroutine UMAT in plate analysis has been ap-
plied in the shell analysis after the appropriate tensor transformations have been performed. Impac-
tor is defined as rigid analytical surface that exactly describes the geometry of hemispherical tip, 
with its velocity and mass defining the loading through initial conditions. Only the case of low 
mass/low velocity impact has been studied, where the internal damage in form of barely visible im-
pact damage is of particular significance. Material properties of the laminate have been calculated 
using averaging stress approach together with Eshelby’s equivalent inclusion method [4]. The me-
chanical properties of the composite are calculated using averaging scheme devised by Mori and 
Tanaka [4] and defined in the ABAQUS user subroutine UMAT [1] where it is necessary to define 
the material matrix. More elaborate description of material model can be traced in [7]. Matrix 
cracking has been detected applying Hashin's tensile criterion [5] and degradation of mechanical 
properties in the case of the appearance of matrix tensile cracks is defined through the model by 
Tsai [8]. At the beginning of the analysis, coincident nodes are tied together with kinematic links 
defined with multi-point constraints [1] and if delamination is indicated in those nodes, altered ki-
nematic relation is established through  new multipoint constraints, where separation of nodes is al-
lowed [1,7]. Usage of general purpose software ABAQUS made possible application of multi point 
constraints in coincident nodes of shell areas supposed to delaminate, and visualization of delami-
nated areas.    

The impact of rigid impactor on the simply supported graphite/bismalemide [04/904]s cylindri-
cal shell has been examined. The shell is subjected to the impact loading with constant kinetic en-
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ergy of 0.8 J by the impactor with hemispherical tip of 3.175 mm radius. In addition, the mass of 
the impactor has been varied, as well as corresponding initial velocity. Matrix cracks projection 
area obtained by Ganapathy and Rao [3] has been compared with the present numerical model and 
excellent correlation confirmed. Dependence of matrix cracks area in the topmost layer of the 
laminate on the mass of the impactor has been examined and similar research has been performed 
in the analysis of interlaminar delaminations. Figs. 1 and 2 show the typical pattern of impact dam-
age. 

3. Conclusion 
The numerically efficient computational model is proposed for prediction of matrix cracks and 

interlaminar delaminations in layered composite shells. Solid elements used in discretization of 
composite structure, together with appropriate local shell coordinate system and tensor transforma-
tions, enabled application of similar numerical models in the analysis of plate and shell structures. 
The insensitivity of damage area to the variation of mass/velocity of the impactor at the constant 
kinetic energy has been demonstrated.  

 

 

 

 

 

 

Figure 1.  Matrix cracks ; m = 2 M, at t = 1.20 ms 

 
 

Figure 2.  Delaminations; m = 2 M, at t = 1.20 ms 
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1. Introduction 
 In this paper we present a part of the initial efforts at our Faculty of textile technology to intro-
duce numerical modelling and computational mechanics to the field of textile and clothing engi-
neering. Ignoring for the time being some other mechanical features of textile as a complex struc-
ture, such as anisotropy, non-homogeneity, non-linearity in extension and hysteretic behaviour in 
cyclic loading, we focus our attention to the description of non-linearity related to the flexibility, or 
in other words to the lack of compressive carrying capacity. In doing so, we explore some compu-
tational experience gained elsewhere in the context of metal plasticity [1] – in fact in the iterative 
numerical procedure, section 2, the step of stress reduction to the compressive limit is very similar 
to the return mapping algorithm in computational plasticity [2].  
 Finally, an emphasis is given to the examples, section 3. On one side, they illustrate some pos-
sibilities of our home-developed computer programme, and on the other they show an analysis of a 
selected problem relevant for the practical case of stress concentration in clothing 

2. The iterative procedure for flexible material in plane stress 
 In this work we adopt the iterative approach, leaving a possible comparison with the incre-
mental, or the combined incremental – iterative computation for later. 
 In the initial step (in the present context we refer to it as solid body prediction) the material is 
assumed to be linearly elastic. If in some point (finite element, Gauss point) the state of strain and 
stress is found to be on the non-existing compressive part of the assumed linearly elastic material 
characteristic, the correction needs to be done. In this work we adopt the model of a constant com-
pressive limit. The impossible negative principal stress is simply reduced to the compressive limit. 
After this correction, the overall equilibrium no longer holds. The nodal forces exerted on a finite 
element are computed from the state of stress {σ}* inside this element following [3], and if for 
every node the corresponding contributions from the finite elements connected to that node are ac-
cumulated, the out-of-balance residual nodal forces {R}are obtained. The residual forces give rise 
to the incremental displacements {δ}inc via the global equation system [ ]{ } { }RK inc =δ .The proper 
modification of the global stiffness matrix [K] has to be done prior to the solution of the global sys-
tem. In our computations at this stage the initial stiffness method is in use – once computed global 
matrix [K] is applied in every iteration step, and not the tangent stiffness matrix. This of course 
means less programming effort and less computational time per iteration step, but on the other side 
poor convergence rate. 
 Once the incremental displacements are computed, they are accumulated to the previous state, 
as well as the appropriate incremental strains and stresses. The new state is again checked for the 
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violation of the compressive limit and the iteration progresses until the prescribed termination crite-
rion is met. 
 On the basis of the described iterative concept, a PC programme is made using MS Visual Ba-
sic. Common constant strain triangular finite elements (CST) are used, with the global system solu-
tion by the Gauss elimination method. The programme has some user-friendly features in interac-
tive definition of finite element mesh, boundary conditions and loading, and especially in the visu-
alisation of results.  

3. Example: tension strip with transverse perforation 
In many numerical studies the computational model has been tested in a common example of a perforated 
strip in tension [1,2,4]. In our paper [5] we also analyse the strip with a circular hole. Here we consider a ten-
sion strip with transverse perforation, figure 1a. The material constants are taken as approximately corre-
sponding to a previously tested textile material [6]: E=60MPa, ν=0.2, t=0.1mm (thickness). 
 

20

10

60 12
0

100  
   

a) b) c) d) 

Figure 1. Example: Geometry of the strip (a), finite element mesh with boundary conditions and load-
ing (b), principal stresses in solid body prediction (c) and after iteration (d) 

For reason of double symmetry only one quarter of the strip is modelled, the mesh consisting of 77 
nodes and 120 elements, figure 1b). We also analysed the reinforcement of the critical zone with 
the aim of reduction of the stress concentration. 

4. Conclusion 
 The proposed iterative model is suitable for the analysis of stress concentration in critical zones of 
clothing or technical textiles. It is our intention to apply this model in numerical optimisation of reinforce-
ments of button-holes and similar critical places in clothes. 
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Abstract 
 It is shown that the reliability indices of the steel beams and plate girders in AISC Load and 
Resistance Factor Design Specification and in ECCS Eurocode-3, are neither uniform nor are they 
equal to the anticipated target values of β, which are for LRFD criteria β=3.0 and for EC-3 β=3.80. 
New resistance factors (φ and γ) are derive in order to achieve this aims. 

1. Introduction 
 The purpose of this paper is to report the values of the reliability indices of beams and girders 
which are designed according to the new Load and Resistance Factor Design (LRFD) criteria of 
AISC and Eurocode-3 of ECCS. The method of the First-order probabilistic basis will be illustrated 
by the examples of the stability of steel beams with the selection of the load and resistance factors 
under dead and live loading for both mentioned design criteria. 
New research work, done in connection with the application of EC-3 and EC-4 in our National 
standards, is analysed due to our design meteorological loads such as snow and wind loading on 
steel structures in Croatia in the procedure of calibration. The verification of the stability of steel 
structures is evaluated by FOSM comparing by test results in connection with the limit state design. 

2. Theoretical models for lateral-torsional buckling in AISC and EC-3 specifications 
 It is evident that there are the differences in the design requirements for various specifications.  
The differences and similarities are compared for two code-rules which are based on the essentially 
the same theoretical background and the purpose of this section is to compare these methods and to 
draw the conclusions about the impact of the differences between them. These divergences are due 
to the different perceptions of the effects of initial imperfections. For specifications ECCS and 
AISC many variability arise especially in the inelastic range. The most general equation is the one 
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for rolled, and 2.0 for welded beams. The variation of the buckling strength with λM for the various 
values of “n” and “α“ is shown in Eq.1. The advantage of this method is its simplicity and general-
ity but has its disadvantage as the implied reduction in flexural and torsional stiffness due to the 
partial plastification of the cross section.  
The selected model is based on the buckling curves of the compression members with five different 
parameters of the initial imperfections, which are now in the use of Eurocode-3 (Rondal&Maqui) 
as follows: 
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where is σcr/σy=χ for all five buckling curves. 

3. Evaluation of web buckling test results for welded beams and plate girders in shear and 
combine bending and shear 

 The limit state design requirements for welded beams and plate girders in shear, and combined 
bending and shear, are analysed and criteria for two codes (AISC and Eurocode 3) are compared. 
As the differences in the design requirements are substantial, the comparison of the achieved reli-
ability indices is made in order to find out the model, which is closer to the target reliability level. 
The statistical parameters of the experimental results are evaluated and the FOSM method is used 
for the procedure of the calibration. The results vary for two examined models and it is necessary to 
achieve target values of reliability by correction of the models by the resistance factors.  

4. Results of calibration for the flexure (ECCS and AISC) and shear (by two models) 

     The analysis of laterally unsupported steel beams for various design models is obtained, by 
which the ultimate limit state of the lateral-torsional buckling strength is evaluated for the purpose 
of the calibration of the rolled beams under the snow loads from the measured data in Croatia. The 
results of the calibration varies with applied snow loads and slenderness ratio for three examined 
designed models, and for ECCS criteria they are in the range from realised reliability indices β= 
3.20 to 5.19, for AISC Specifications indices are lower, such as β=3.10 to 4.80, and for the model 
of proposed system factor “n” is quite on the target safety side with β=4.20 and 6.20. For the com-
bined bending and shear the resulting reliability index from the applicable tests is evaluated as 
β=2.50 , which is not the desired target value and the single value of the resistance factor φ=0.90 is 
inadequate to insure uniform reliability. 

5. Conclusion 
      The calibration is performed with the designed models by global and by partial safety factors 
and the differences are the result of the basic formulations of the buckling curves. It is evident that 
there is the necessity to change the system factor “n” or “α” of buckling curves, or to correct the 
evaluation model by model and resistance factors with the target reliability level in order to achieve 
uniform reliability with the proposed loads factors, concerning the applied loads in certain cases. 
The reliability indices are not uniform, nor are they always close to the desired target value of 
β=3.8 for EC-3 or β=3.0 for LRFD of AISC. The reason for this disparity is that the single value of 
the resistance factor is inadequate to insure the uniform reliability. In order to adjust the curve from 
Eq.(2) with the experimental results, non-linear regression analysis is performed with new coeffi-
cient of imperfection α=0.247 for 95% fractile, and reliability index will be close to the target reli-
ability level. 
       It is concluded that large discrepancies exist between codes, even those using essentially the 
same design methodology and the same experimental data base. This emphasizes the case for har-
monization to arrive at a higher degree of uniformity of code design procedures and more rational 
safety margins. 
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1. Extended abstract 
 Considering lumbar spine injuries, investigations were pointed in many different directions. 
Many are pointed in direction of establishing acceptable loads for analyzed task, while others are 
occupied with answering how and why injuries occur. Our approach in case of lumbar spine under 
external mechanical load is to propose approach that can offer better understanding of lumbar spine 
functionality. For this purpose, this paper describes hypothetic model of lumbar spine mechanism, 
reduced on sagittal mid plane. As found in our previous investigations, there is principle that can 
explain response of lumbar spine to applied external mechanical load. Our findings are compared 
with experimental results. Beside comparison of our findings, comparison with other authors shows 
even more similarities. Conclusion of this paper comes through noticeable dependence of lumbar 
spine extension torque and trunk inclination. Connection between lumbar spine responses and ap-
plied external mechanical load can be defined as regulative system, providing most efficient way to 
protect its functionality and health. Evidence for such a statement is in fact that every subsystem of 
lumbar spine system has its role, described as follows: 

1. intra-abdominal pressure should help in providing mechanical stability and stiffness of the 
spine; 

2. back muscles, besides inducing back muscle pressure, should produce force to overcome 
applied load and complete designed task; 

3. back muscle pressure should offer support for the spine as well as contribution to mechani-
cal stability and stiffness of the spine; 

4. abdominal wall muscles are intended to create intra-abdominal pressure, but also indirectly 
to stiffen the spine. 

 Since some of the data is still hard to collect, exact interrelation is missing. Used approach can 
have implications in further biomechanical modelling. For evaluation of reliable relations between 
lumbar spine responses and applied external mechanical load further investigations are needed. 
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1. Introduction 
The research and development are two basic 

hallmarks in Civil Engineering Institute of 
Croatia (IGH) that are put in practice through 
activities of construction design and laboratory 
testing. Numerous analytic, numeric and 
experimental methods are used in engineering 
mechanics for the purposes of construction 
design and testing of structures. 
Reinforced concrete, prestressed structures and 
metallic structures applied for construction of 
buildings, bridges, viaducts and tunnels are 
some of examples of engineering practice in the 
field of technical mechanics in IGH. 

Crucial step in solving the problem of 
knowledge management is made by the 
Implementation project of computational 
systems launched in January 2001. For the 
development of the Integral Expert System the 
newest computational technology of the 
world’s leading supplier of software and 
hardware has been used: A/ e-Work workflow 
management system, B/ e-ViewWise document 
management system, C/ Oracle 8i relational 
database management system, D/ Hewlett 
Packard computational equipment and E/ Cisco 
Systems network equipment. 

The most important characteristic of the 
Integral expert system is its use in Internet and 
Intranet environment because units of IGH are 
organised all over the Republic of Croatia. 

 

Figure 1: The e-Modelling system workflow 

2. e-Work System  
Workflow management system e-Work is the base of the Integral Expert System which consist 

of three parts: A/ The e-Modelling system, B/ The e-Laboratory Expert System and C/ The e-Co- 
mmunication system. 
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The e-Modelling system is surrounding for computer aided organisation, performance and 
control of the work in the field of scientific and expert research and development processes (See 
Figure 1). The e-Laboratory Expert System for the Laboratory Testing of Materials is the system 
for the computer aided performance and control of laboratory business processes with the aim of 
creation the Expert Knowledge Database within the fields of testing materials. 

3. Knowledge Database 
Knowledge Database is using the e-Work and e-ViewWise system for the management and 

Oracle database for data storage.  
Knowledge Database has three levels.  

A/ The Working Knowledge Database 
represents first level which is directly 
involved in the working process. It consists 
of database structure and data generated 
through the working processes.  

B/ The Expert Knowledge Database is 
second level and consists of composing the 
catalogues and preparing them for the 
usage in the working process.  

C/ The Scientific Knowledge Database 
presents third level and serves to elaborate 
the Knowledge Database and to extract 
scientific knowledge from the data in the 
Knowledge Database. 

 

Figure 2. The Knowledge Database principal scheme 

4. Conclusion 
The Integral Expert System enables performance of the expert and scientific working 

processes in daily, research and development tasks within the field of technical mechanics, soil and 
rock mechanics and other expert and scientific areas in the field of civil engineering and creation 
od the Knowledge Database. Working surrounding of Internet environment enables access to 
Knowledge Database from all locations and to all users in the system. Dynamic structure and 
possibilities of extension of the system follows business organisation of IGH enabling extension 
and collaboration with other institutions and subjects interested for shearing expert and scientific 
resources and computational technology capacities. Integral ES generated solid foundations for 
further development of Knowledge Management and application of Artificial Intelligence and 
Decision Support Systems. 
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1. Introduction 
 In spatial movement of dynamical systems in general case, the symmetrical distribution of masses 
changes with respect to the main plane of symmetry, as well as with respect to other referent planes. Typical 
examples of such systems are propulsion robots, and the human body as well. 
Due to the complexity of the system of differential equations, set by the methods of spatial movement dy-
namic analysis, it is assumed that the additional kinematics parameters necessary for its solving will be de-
termined by measuring characteristics parameters on the basis of taken motion pictures of the analysed 
movement, and that it will be possible to define a pattern of asymmetric multiple system spatial movements. 
 In other words, a number of equations will be eliminated by applying the measurement results obtained 
by the described method. As an example of the system to be analysed and measured, the right lower leg of a 
gymnast performing a double somersault will be taken. 

2. Description of the System 
 The basic equipment of a photogrammetric system includes the following:  
- PC with adequate graphics and video processor and appropriate software support, which make the core of 
the system. 
- Black and white digital monitor for the selection of particular operations and as interface for the input of 
data necessary for carrying out analysis.  
 -High resolution colour monitor which besides being used for the viewing of the recorded material from the 
video recorder, is primarily used for the digitisation of each of body's reference points, for the presentation of 
particular phases of data processing and for the presentation of the results of the analysis. 
- Video cameras are necessary to film the movement which is to be analysed. In order to reconstruct the 
movement in three-dimensional space at least two cameras are needed. In order to ensure the precision of 
filming, the cameras should be placed on adequate tripods.  
- Video recorder is necessary for viewing recorded material and selection of the sequences which are to be 
analysed. It is directly connected to the central computer, which enables the transfer of video recording into 
the memory of the computer. 
- Calibration frame is needed to transform digital recordings of two or more cameras into real three-
dimensional images. 

3. Filming 
 For the needs of three dimensional (3D) analysis at least two video cameras are necessary. The cameras 
should be positioned so that each of them can film the complete movement, special attention should be paid 
to the possibility of high quality filming of relevant joints and points of the body at the most crucial moments 
of the analysed movement. Also, the cameras should be positioned so that they mutually close an angle of 90 
degrees, with a possible deviation as allowed by the software. 

4. Digitisation of Video Recording 
 After high speed movies are taken, the first step in the analysis of spatial movement is the transformation 
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of the video recording into a number of frozen images in digitised format, which are then being input into the 
computer memory. The data stored in this way enable multiple manipulation of the recording, depending on 
the needs imposed by the characteristics of the analysed movement. 

5. Digitisation of the Reference Points of Human Body 
 To achieve that, on each digitised image of the video recording, which is separately for each camera, one 
by one retrieved from the computer memory to the high resolution monitor, it is necessary to identify and lo-
cate anatomic points that describe human body. On the basis of digitisation of these referent points, that is by 
defining numerical co-ordinates of their position, applying suitable mathematical model, it is possible to lo-
cate and orientate each of the body's segments, and thus also the whole body while performing the analysed 
spatial movement. Since during the digitisation of referent points these points are also connected, in every 
image of the recording stick figures are created. The stick figures are described by lines running through the 
centres of gravity of particular body segments. 

6. Three-Dimensional Transformation 
 Transformation in the process of converting two or more two-dimensional digital recordings into three-
dimensional images. The process is computer controlled by means of specially developed software. 

7. Measuring and Filtering of Kinematics Parameters and Data Presentation 
 Digitised referent points of the human body represent a series of measurements that have the number of 
repetitions that corresponds to the number of images in a recorded sequence. Their digitised values consist of 
their precise co-ordinates and of the amount of error resulting from the impossibility to locate precisely on 
the monitor anatomic points of the body. Data filtering is the procedure during which from the three-
dimensional recording of the movement, noise and errors occurring during digitisation are being removed. 
 Data presentation is the final stage in data processing for the needs of spatial movement analysis. The ma-
jority of the existing systems enable data presentation in three basic manners: animation, graphs, numerical 
readout. 

9. Conclusion 
 On the basis of the previous considerations, it may be concluded that the presented method of characteris-
tic kinematics parameters measurements for the purpose of solving asymmetric multiple mechanical system 
spatial movements might be used with sufficient accuracy for the study of similar movements.  
 The method enables the determination of qualitative and quantitative influence of asymmetric mechanical 
system spatial movements on the positional changes of the motion curve of the centre of masses, and deter-
mination of optimal paths of the system, as well as the changes in the values of central dynamic moments of 
inertia in propulsion motion.  
 Applying the method, additional knowledge is gained, which enables a more successful approach to spa-
tial movement optimisation. 
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1. Introduction 
Hyperbolic systems with geometrical source terms arise in various applications. One such applica-
tion is fluid flow with cross section area variations, which arise naturally in the study of fluid flow 
phenomena in ducts, pipes, shock tubes, and nozzles. In such applications the source term may 
have low regularity, which causes numerical difficulty particularly when steady state solutions are 
computed. The fix for this numerical difficulty is to approximate the source term using decomposi-
tion and upwinding, thus creating balance between numerical flux gradient and numerical source 
term. In this paper we introduce extension of the Q-schemes proposed in [1] to nozzle flow equa-
tions, i.e., Euler equations with geometrical source term. 

2. Mathematical model of nozzle flow equations with geometrical source term 
Let us consider unsteady flow of compressible fluid. The appropriate governing partial differential 
equations form a balance law system: 

gufu =+ xt )(  (1)
where vectors for the conserved variables, flux, and source term are as follows: 
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Here t is the time, x is distance along the domain, ρ is fluid density, )(xAA =  is cross-sectional 
area, p is pressure in the fluid, v is fluid velocity, and E is fluid internal and kinetic energy. 

3. Numerical methods for nozzle flow equations 
General form of first-order Q-scheme is given by: 
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Here )(
2/1

n
i +G  is the numerical term related to the source term and its formulation is balance law de-

pendent. In the nozzle flow case we choose: 
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and for such a version of the Q-schemes the exact conservation property is valid. 

4. Numerical results 
The achieved property of the proposed upwind schemes is the obtained correct balancing of the 
flux gradient and the source term. In order to illustrate the quality and the achieved improvement of 
these schemes we compare them with their versions with pointwise evaluated source term. 
Several tests were conducted. Test with quiescent flow in a nozzle with irregular geometry showed 
that pointwise version produced unacceptably large errors, while balanced version showed excep-
tionally good results. Test with subsonic flow in a nozzle with irregular geometry showed equiva-
lent results with the test with quiescent flow in a nozzle with irregular geometry, while test with a 
subsonic flow with shock showed that due to smooth nozzle geometry, pointwise and balanced 
schemes produced almost identical results. 

5. Conclusion 
The proposed new schemes for nozzle flow equations in the general case, i.e. for pipes and nozzles 
with irregular geometry, are based on the approach developed by Bermudez and Vasquez in [1]. As 
it is proved in the article the new schemes have the exact conservation property, i.e., they preserve 
exactly the quiescent flow. The numerical results in three test problems illustrate the superiority of 
the proposed approach when compared to the pointwise version of the same schemes. 
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1. Introduction 
 During landing and taxi, an aircraft landing gear and parts of the airframe can be exposed to 
high dynamical loading. In the extreme situations even damages and loss of the stability of an air-
plane may be expected. Since during more common tail-down two-point landing conditions all of 
dynamical loads are carried on the main gears first, dynamical characteristics of the main gear are 
of the most significant importance for the safe touchdown during which the airframe load factors 
will be kept in the prescribed range. Although the basic characteristics of a landing aircraft dy-
namical response can be determined by linear dynamic analysis, the more accurate time-simulation 
requires full-scale non-linear multibody approach. Since dynamical response of a landing aircraft 
includes some unsteady aspects, not only because of the external landing impact, but also with re-
gard to highly non-linear phenomena within landing gear mechanism, utilization of MBS model-
ling principles is mandatory. 

2. Landing aircraft dynamical model 
The aircraft dynamical model that allows for non-linear dynamic simulation of planar landing and 
taxi is designed as a five rigid-body multibody system. The model has variable kinematical struc-
ture but basically possess 7 planar degrees of freedom (DOF). The upper and lower part of 
landing gear is connected via non-linear force coupler modelled according to the shock ab-
sorber dynamical characteristics. Because of its great influence on an aircraft ground dynami-
cal behaviour, the dynamical model of the main landing gear shock absorber is considered in 
details. To model aircraft tire dynamics an another non-linear force coupler is added to the 
overall model. The applied tire dynamical model considers its dynamical behaviour (inertia ef-
fects, centrifugal growth of tire radius), but side-loads and hysteresis effects are neglected for 
this type of simulations.  
The aerodynamic axial and normal forces as well as pitching moment for the airplane configuration 
with landing gear in extended down position and the arbitrary deployed flaps and slots have been 
considered. In order to determine the airplane touchdown flight parameters, that serve as initial 
conditions for aircraft landing dynamical simulations, a flight trajectory prior to touchdown has 
been studied in the vertical plane by 3 DOF model with longitudinal wind.  

3. Landing impact dynamic simulations 
On the basis of the presented aircraft dynamical model, the landing impact dynamic simulations, 
prior to the nose gear ground contact, were performed for five initial descent velocities. Generally, 
dynamic simulations based on the presented non-linear multiple-DOF dynamical model, reveal that 
an aircraft pitching dynamics and shock absorber dynamical characteristics should not be neglected 
or too simplified during estimation of main landing gear and airframe dynamical loads during land-
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ing impact. As an illustration of the results the graph in Figure 1 presents total force in the shock 
absorber strut of one elastic leg as a function of time and different touchdown descent velocities. 
Since the main landing gear comprises two legs, the total dynamic load transferred by the gear to 
the airframe has doubled value. By rewieving the other simulation results presented in the paper, it 
can be concluded that the wheel-spin-up forces increase up to the significant values that are compa-
rable to the vertical dynamical loads.  

 

Figure1. Shock absorber total force vs time. Dynamic simulation results for five initial descent velociti-
es -1

1 ms25.0=zv , -1
1 ms5.0=zv , -1

1 ms75.0=zv , -1
1 ms0.1=zv -1

1 ms25.1=zv  

References 
[1] Chester, D. H., “Aircraft Landing Impact Parametric Study with Emphasis on Nose Gear Landing 

Conditions”, Journal of Aircraft, 39, 2002, pp 394-403. 
[2] Gerard van Es, W. H., “Pitching Moment Change Caused by High-Lift Devices on Wing-Body 

Configurations”, Journal of Aircraft, 40, 2003, pp 391-393. 
[3] Smiley, R. F., Horne, W. B., “Mechanical Properties of Pneumatic Tires with Special Reference to 

Modern Aircraft Tires”, NACA Report No. 4110, 1958 
[4] Terze, Z., et al, “Null Space Integration Method for Constrained Multibody System Simulation with no 

Constraint Violation”, Multibody System Dynamics, 6, 2001, pp 229-243. 
[5] Yadav, D., Ramamoorthy, R. P., “Nonlinear Landing Gear Behavior at Touchdown”, Journal of 

Dynamic Systems, Measurement, and Control, 113, 1991, pp 677-683. 
[6] Aircraft Maintenance Manual A319/A320, Airbus Industries, 2001 
[7] Joint Aviation Requirements, JAR-25, Large Aeroplanes, 1996 
 
Terze, Z., PhD, Assistant professor 
Faculty of Mech. Eng. Nav. Arch./University of Zagreb, Dept. of Aerospace Engineering 
Ivana Lucica 5, Zagreb, Croatia, tel: 6168476, e-mail: zdravko.terze@fsb.hr  
Wolf, H., PhD, Assistant professor 
Faculty of Mech. Eng. Nav. Arch/University of Zagreb, Dept. of Applied Mechanics, 
Ivana Lucica 5, Zagreb, Croatia, tel: 6168168, e-mail: hwolf@fsb.hr  
Jankovic, S., PhD, Professor 
Faculty of Mech. Eng. Nav. Arch/University of Zagreb, Dept. of Aerospace Engineering, 
Ivana Lucica 5, Zagreb, Croatia, tel: 6168267, e-mail: slobodan.jankovic@zg.tel.hr  



 
 

193

4th International Congress  
of Croatian Society of Mechanics 
September, 18-20, 2003 
Bizovac, Croatia 

  

ELASTOPLASTIC ANALYSIS OF CIRCUMFERENTIAL 
CRACKS IN PIPES 

Z. Tonković, I. Skozrit and J. Sorić 

Keywords:  elastoplastic fracture analysis, J-integral evaluation, pipes, through-wall circumfer-
ential cracks, off-centre cracks, combined internal pressure and bending 

Abstract 
 Elastoplastic fracture analysis of cracks existing in engineering structures is very important in 
assessing their structural integrity in nuclear power, chemical, civil and mechanical engineering. 
The crack opening displacement and J-integral of a through-wall circumferential crack in a pipe are 
the fundamental quantities for evaluating the reliability of a cracked component. The J-estimation 
for this crack configuration under various loading conditions, such as pure bending, pure tension 
and combined bending and tension, has been considered in References [2-4]. A postulated through-
wall crack size is often calculated on the basis of its symmetric placement with respect to the bend-
ing plane [3,4]. However, in reality, the off-centre cracks can occur due to random imperfections 
around the pipe circumference. Elastic and elastoplastic finite element solutions for the J-integral 
for a pipe containing off-centre through-wall cracks under pure bending have also been presented 
and the special influence functions have been introduced [2]. A realistic evaluation of pipes frac-
ture response demands consideration of more complex loading condition including combined bend-
ing and internal pressure. When fracture mechanics analysis is performed for through-wall cracked 
pipes subjected to internal pressure, it is a typical practice to transform the effect of pressure by the 
pressure-induced axial tension [3]. The hoop stress effect on the fracture response characteristics 
has been considered only in a limited number of studies [4]. Due to combined loading, a full para-
metric investigation of off-centre cracked pipes requires an enormous amount of FE computations, 
and thus only a limited set of solutions for non-proportional and proportional loading have been 
tabulated by authors in References [5,6]. 
 The objective of the present paper is to provide additional reference data and to use it to obtain a 
new solution of the J-integral for pipes containing off-centre through-wall cracks subjected to 
combined internal pressure loads and bending, as shown in Figure 1. To achieve this goal, three-
dimensional nonlinear finite element computations are performed within the finite element program 
ABAQUS [1]. The tension forces due to the pressure and pressure-induced hoop stresses are in-
cluded. Under the assumption of small elastoplastic strain, the constitutive law characterizing the 
stress-strain response of mild steel is represented by the well-known Ramberg-Osgood model. 
Small, medium and large crack lengths with a variety of off-centre angles and radius-to-thickness 
ratios have been considered. In all tests, proportional loading approach is applied and the hoop 
stresses effect due to internal pressure is considered. Using finite element solutions, the effects of 
off-centred cracks and the loading on the J-integral are evaluated.  
 The computational results show that the J values for off-centre cracks are smaller than those for 
symmetric cracks. This statement is excepted for the offset crack angle of ϕ = 15º where the J val-
ues at the crack front I-II, which is farther away from the bending axis, are slightly higher than 
those for the symmetric centred crack. This demonstrates that for any crack size there is a limit-
offset angle for which the J-integral values at the crack front I-II exceed those of the centred crack. 
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Those effects are also described in [2] for cracks under pure bending and in [5,6] for combined 
bending and internal pressure. 
 The proposed analytical approximation of elastic correction factors would reduce the computa-
tional effort in performing fracture analysis of pipes containing off-centre through-wall cracks sub-
jected to combined internal pressure loads and bending. Further investigations should be directed 
towards the determination of the plastic correction factors and the limit-offset angles for the others 
typical crack lengths and their effects on the J-integral values. 
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Figure 1. Off-centre through-wall crack in a pipe subjected to bending and internal pressure 
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1. Introduction 
 Understanding the high-rate fracture behaviour of adhesively-bonded joints is one of the key 
factors for their future application as a primary joining method in the automotive industry. This is 
due to the strain-rate sensitivity of such viscoelastic materials, which can lead to a premature fail-
ure of the joints under impact loading conditions, e.g. front-end car collisions. If such bonded joints 
fail prematurely (brittle fracture), the surrounding body-panels would not undergo substantial plas-
tic deformation and the dissipated energy from the impact would be low. 
 Standard small-scale peel tests, such as T-peel and impact wedge-peel (IWP) tests are usually 
employed to describe the fracture behaviour of structural adhesives. In both tests, external loads are 
applied to fracture bonded portion of the peel specimen. In all tests, thin sheets of aluminium alloy 
substrates were bonded together using ‘XD4600’ and ‘XD1493’ structural, rubber-toughened ep-
oxy adhesives. Although these tests are relatively easy to perform and thus popular in the industry, 
the analysis of the measured fracture resistance data needs extra care. 
 Finite volume (FV) models of above tests are developed to closely analyse mechanical and 
fracture processes. The specifics of each test are: a) T-peel is a quasi-static, bending dominated 
case with a very high geometrical aspect ratio; stress gradients in the region of neutral axis are very 
steep; only a smaller portion of the external energy is consumed for fracturing of the adhesive, b) 
IWP is a dynamic test with impact speeds typically between 1-2 m/s; with a thin substrate material 
the crack grows in a quasi-static manner with a substantial plastic deformations of the specimen 
arms; with a thick substrate material the crack tends to propagate rapidly, leaving specimen arms 
with a limited permanent deformation.  
 

2. Experimental Procedures 
 The peel tests that are used to assess and evaluate the performance of adhesive joints and lami-
nates can be broadly split into two categories, (a) those used in quasi-static loading conditions, (b) 
those employed to simulate impact loading conditions. The most representative tests in both cate-
gories are illustrated in Figure 1 (a) and (b). 

2.1 Quasi-static test procedure (T-peel test) 
 The T-peel geometry is symmetrical and is mainly employed for testing flexible joints. The 
schematic of the test specimen is given in Figure 1(a). The peel force per unit width, P/b, is consid-
ered to be a measure of the strength of adhesion of the joint. However, the value of P/b is not solely 
dependent on the properties of the adhesive, but is also related to the test geometry, the thickness of 
the peel arms and their mechanical properties.  
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Figure 1: Schematics of the representative peel tests: (a) T-peel test; (b) Impact wedge peel test (IWP). 

2.2 Impact test procedure (IWP test) 
 IWP tests are used to study the fracture behaviour of the structural adhesive joints at various loading 
rates. The test speed was varied between 0.4 and 11 m/s to investigate the effect of the rate on the cleavage 
force. In IWP test wedge is pulled through the adhesive joint (Figure 1(b)), which is shaped like a tuning 
fork. The substrates are cut out from aluminium sheets (1 and 2 mm thick). 

3 Preliminary numerical results 
 A preliminary numerical simulation of the IWP tests was performed assuming linear-elastic behaviour 
for both the adhesive and the substrates. Two different geometries (i.e. 1 and 2 mm thick substrates) were 
modelled at an impact speed of 2 m/s. Although the analysis was limited to elastic materials, the numerical 
observations were qualitatively in a good agreement with the experiments. The numerical simulations pre-
dicted that in the case of thin specimens the crack was driven by the wedge at the test rate, whereas in the 
case of thick substrates the crack was predicted to propagate in a transient manner. The calculated crack 
speed was also correlating well with crack speeds measured from the high-speed photography. Examples of 
numerical results for both thin and thick specimens are shown in Figure 2.  

 

Figure 2: Normal stress σxx in IWP finite volume simulations: (a) 1 mm; 2 mm thick substrates.  
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1. Introduction 
 In the field of structural engineering beams and frames constitute a very important class of load-
carrying components, where they are applied both in their stand-alone forms and as stiffeners for 
some plate or shell assemblages. Because such structures, especially those of thin-walled cross-
sections, could display very complex structural behaviour under a large displacement and rotation 
regime, the development of advanced non-linear beam models, which comprise both geometric and 
material inelasticity, has been a major activity of many structural engineering researchers in the re-
cent years [1, 2].  
 The work presents a one-dimensional finite element formulation for non-linear analysis of space 
frames comprised of straight and prismatic beam members with solid and doubly symmetric cross-
sections. Displacements and rotations are allowed to be large but strains are small. Using the up-
dated Lagrangian (UL) incremental formulation, the assumption of isotropic and linear-elastic ma-
terial behaviour and the non-linear displacement field of a beam cross-section based on inclusion of 
second-order terms of large rotations, a tangent stiffness matrix of a two-node space beam element 
is firstly developed. Due to the non-linear displacement field, all internal moments occurring in the 
geometric stiffness are obtained as those of semitangential behaviour. In this way the joint equilib-
rium of non-collinear elements is provided. External stiffness approach (ESA) is applied in the 
force recovery phase [4, 5]. Material non-linearity is introduced for an elastic-perfectly plastic ma-
terial through the plastic hinge formation at finite element ends and for this a plastic reduction ma-
trix of the element is determined. The interaction of element forces at a hinge and the possibility of 
elastic unloading are taken into account. The generalised displacement control method has been 
employed as an incremental-iterative solution strategy. After each iteration, the updating of nodal 
co-ordinates as well as orientations has been performed. In this, because of the non-commutative 
character of large incremental nodal rotations, the updating of nodal orientations for a new configu-
ration has been performed using Rodriguez’ large rotation formula. 

2. Example 
 Figure 1a shows a framed dome loaded by a single concentrated load at the crown point. All 
dimensions are given in metres. Each frame member has a rectangular cross-section b× h = 
0.76× 1.22 m. Material moduli E = 20.69 GPa and G = 8.83 GPa. The yield strength σy = 80 MPa. 
Elastic and elastic-plastic cases are considered. In the analysis, each frame member is replaced by 
only one space beam element. In the elastic-plastic case, the yield function reported in Reference 
[2] is adopted. The obtained results for the vertical apex deflection are shown in Figure 1b, and 
compared with those reported by Park and Lee [3] applying three-dimensional elastic-plastic beam 
element being capable of incorporating large rotations and using the plastic zone approach. The 
significant deviation occurs after the vertical apex deflection of value 3.3 m, at which the present 
plastic hinge model becomes kinematically unstable due to the number of plastic hinges. 
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a)               b) 

Figure 1. Frame dome 
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 To provide appropriate safety levels for vehicle passengers the safety barriers on roads should 
be designed so as to absorb as much impact energy as possible in the case of vehicle impact and at 
the same time maintain their integrity. Practical observations of installed systems along Slovenian’s 
highways indicate that the current design of the road restraint system is too stiff, especially in the 
initial phase of an impact, which results in unacceptable decelerations during vehicle impact. By 
adopting the European transportation legislation, it is necessary to re-evaluate the safety barriers 
and propose certain design changes. This requirement prompted a new research into ways how to 
evaluate the current road restraint system. 
 Traffic barriers are used to reduce severity of accidents that occur when an errant vehicle leaves 
the travelled way. Road restraint systems on public roads in the European Union have to fulfil the 
EN 1317 standard in terms of the vehicle containment level, the level of expected vehicle occupant 
decelerations during an impact and the consequent system deformation. 
 
 The current design of the road restraint system has been investigated with computational analy-
ses in the framework of nonlinear dynamic finite element analysis (LS-DYNA). A 20-meter long 
segment of the road restraint system was modeled with the shell elements. The impacting vehicle 
was approximated as a rigid bumper. An elastic-plastic material model was used and failure criteria 
were set accounting the plastic strain in shell elements and force in bolt connections. The whole 
model was fixed at the posts. All surfaces of the model were defined as a single surface contact 
model. 
 The bumper was prescribed to have the initial velocity of 100 km/h at the impact angle of 20° 
with regard to the guardrail. The analysis time interval was set to 450 ms. The time step was set to 
1,4 µs and the analyses run 85-95 hours on a PowerPC with 2 AMD 2000+ MHz processors and 2 
GB RAM. 
 The results of computational simulations are shown in the figure 1. 
 

 

Figure 1. Deformation of the road restraint system under applied load 
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 In terms of safety, the “weakest” part of this design is the distance spacer. It can be seen that it 
is to stiff and does not deform as it should. In this way it does not absorb enough crash energy in 
order to lower accelerations and consequently the impact severity of the vehicle during its impact. 
With such a design it does not fulfill its main purpose and does not contribute to roadside safety. 
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Figure 2. Lateral vehicle deceleration during impact at the road restraint system 

 The distance spacer has significant influence on the behavior of the road restraint system in the 
initial phase of an impact where it should act as an efficient energy absorber. With new distance 
spacer design it is possible to achieve better crash energy absorption and consequently lower the 
decelerations which the vehicle passengers have to withstand during an impact and thus decrease 
the impact severity. 
 The results of computational analyses prove that the current design does not deform as expected 
and does not absorb enough crash energy in order to lower the accelerations and consequently the 
impact severity during an impact. It is obvious that the current distance spacer was designed only 
according to the geometrical rules, regardless of its functionality. 
 However, it is possible to minimize the stiffness of the road restraint system and maximize the 
energy absorption ability of the system with new distance spacer designs. In this way the decelera-
tions during an impact are reduced, and the roadside safety would increase rapidly. 
 The next phase of this research is concerned with a comparative parametrical analysis of a real 
vehicle impact into different road restraint system designs. 
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1. Introduction 
 The equations of motion for constrained flexible multibody systems can be derived by applica-
tion of standard constraint elimination methods above Hamilton’s principle. This leads to the fol-
lowing matrix form of dynamic equilibrium for systems with holonomic constraints of the type 
Φ(q, t) = 0  

( )T T 0
0

k p
k

+ − + + =
=

Mq E Se f B λ Φ
Φ

 (1)

where M is symmetric mass matrix, q generalized displacement vector, q generalized acceleration 
vector, e deformation vector, S symmetric stiffness matrix, f external force vector, λ Lagrange mul-
tiplier vector and E and B are deformation and constraint gradients, respectively. Scaling factor 
k = 1 and penalty factor p = 0 denote the Lagrange multiplier method, k = 0 and p → ∞ the penalty 
function method and k = 1 and 0 < p << ∞ the augmented Lagrangian method. 
  Time integration of the motion equations is performed using  the Newmark method without 
(N) and with numerical dissipation (ND), the Hilber-Hughes-Taylor algorithm (HHT) or the gener-
alized-α method (α), that are based on Newmark kinematical hypotheses  

( ) ( )2 20.5 1t ∆t t t t t ∆t t ∆t t t t ∆tt t t t tβ β γ γ+ + + += + ∆ + − ∆ + ∆ = + − ∆ + ∆q q q q q q q q q  (2)
where β and γ are time integration parameters and ∆t is time integration step. 
 System of equations (1) and (2) is solved iteratively using standard Newton procedure.  In this 
article, based on the above formulations, linearized equations of dynamic equilibrium for two-node 
bar finite element undergoing large displacements/rotations but small strains together with imposed 
length constraint are derived. Developed procedures are examined and verified on single and dou-
ble pendulum problem using MATLAB written code. 

2. Numerical examples 
 Single pendulum motion, with horizontal initial position, is analysed and numerical results are 
compared with analytical solution in order to test efficiency of presented algorithms for dynamic 
analysis of constraint multibody systems.  Obtained results are shown in Table 1. 

Table 1. Mean number of iterations for single pendulum problem 
 Time integration method 
Constraint elimination method N ND HHT α 
Lagrange multiplier method (LMM) 3.290 2.840 2.574 2.762 
Penalty method (PM) 3.692 3.898 3.694 3.838 
Augmented Lagrangian method (ALM) 3.692 3.898 3.694 3.838 
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 From the results shown in the paper it can be clearly seen that for Newmark method without 
numerical dissipation the penalty and augmented Lagrangian method (which give identical results 
for this problem), despite the larger number of iterations compared to Lagrange multiplier method, 
keep solution stability, while Lagrange multiplier method becomes unstable after cca. 380 time 
steps. On the other side, that instabilities are not so obvious if the displacement solutions are ana-
lysed. Displacement solution for all the analysed cases shows excellent agreement with analytical 
solution. 
 Similarly to the previous example double pendulum is analysed, too. The results shown in Ta-
ble 2 are obtained using HHT time integration method with parameters αf = 0.02 and αm = 0. 

Table 2. Numerical results for double pendulum problem 
Problem Mean number 

of iterations 
Energy loss (%) Min. penalty 

factor 
Max. penalty 

factor 
Unconstrained/Elastic 14.364 -0.02596460894 - - 
Constrained/LMM 4.091 -0.02598455102 - - 
Constrained/PM 3.277 -0.02596900313 50 500 
Constrained/ALM 3.277 -0.02596900114 1 100 
 
 Obtained results shown in Table 2 indicate that the augmented Lagrangian method compared to 
the penalty method, with same mean number of iterations, gives almost similar result using smaller 
values of penalty factor. Relatively high mean number of iterations for unconstrained problem can 
be explained with rigorous convergence criterion used and it can be additionally decreased by using 
smaller time integration step. 

4. Conclusions 
 A nonlinear finite element solution procedure for constrained multibody dynamic problems has 
been presented in this work. Four time integration schemes and three constraint elimination meth-
ods are implemented and compared on the problems of single and double pendulum. Obtained re-
sults show good agreement with theoretical solutions and thus give possibility to use these proce-
dures for solving more complex problems. 
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1. Introduction 
 Flowfield at the lifting surface that is embedded in the propeller wake can significantly change 
as well as its aerodynamic characteristics. This influence can be of different effect depending on 
the aircraft configuration. Methods used in three dimensional analysis of the flow around the 
propeller are CFD and discrete vortex methods. Due to the problem of the numerical vortex 
dissipation hybrid methods of these two are also introduced. As for the propeller—wing 
interference calculations methods based on the propeller momentum theory are still used. In this 
work discrete vortex method, based on lifting line theory is used to describe propeller, its wake and 
its influence on the downstream lifting surface. The investigation considered in this paper is purely 
computational and it is assumed that the flow is subsonic and inviscid. The problem is clearly 
time—dependent but here it will be considered as quasisteady. 

2. Propeller model 
 Propeller is modelled with the vortex system based on the lifting line method. Blade of finite 
span is described with n discrete elements each having horseshoe or Π vortex. This vortex of 
circulation kΓ  ( k=1 … n) consists of bound vortex placed at 1/4 chord line and trailing vortices 
leaving trailing edge on the element ends. Every element has a control point at 3/4 chord line in 
which surface boundary conditions must be satisfied 

ik
k

i aA =Γ , (1)

where coefficients ia , i=1 … n are defined as 

( ) iii nrVa ⋅×Ω+−= ∞  . 

Influence coefficients k
iA  present induced velocity of k-th Π vortex of unit circulation on i-th 

control point and are determined using Biot—Savart's law. Solving equation (1) we can obtain 
unknown propeller blade spanwise circulation distribution kΓ , k=1 … n. At the beginning of 
calculation the propeller wake is unknown so the Goldstain's helicoidal wake is assumed. 
 Propeller vortex wake is formed of trailing vortices from all blades. Free—wake method is 
applied for propeller wake roll—up and its results are used to recalculate circulation distribution on 
the propeller blade in order to improve initial solution using helicoidal wake geometry.  

3. Influence of the propeller wake on the lifting surface 
 Same vortex model used for propeller blade — rotating lifting surface and its wake is used in 
analysis of the fixed lifting surface — wing or tail. Lifting surface is divided into m elements each 
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having Π vortex of circulation jΓ . Vortices kΓ  from vortex wake of the propeller blade (k=1 … n) 
will induce velocity in control point Pi at lifting surface (i=1 … m) with normal projection equal to 

k
k

iB Γ . Influence coefficients k
iB  define influence of k-th vortex of unit circulation from the 

propeller wake on i-th control point of lifting surface. Circulation distribution for lifting surface 
under the influence of propeller can be determined using boundary condition 

ij
j

i aA =Γ , 

with influence coefficients j
iA defined as influence of j-th Π vortex of unit circulation from lifting 

surface ( j=1 … m ) on i-th control point of the same lifting surface (i=1 … m). Coefficients ia  are 
defined as 

k
k

iii BnVa Γ+⋅−= ∞  . 

4. Results 
 Presented model was applied on the Purdue model propeller — two bladed propeller [1] with 
constant chord and given pitch ( )yβ . Tractor configuration was considered with propeller set in 
front of rectangular wing at a given angle of attack [2]. Results for wing local lift coefficient of 
presented model for the case of isolated wing and case of wing under the influence of propeller for 
one angle of referent blade 0ψ  (Figure 1) are compared with results of numerical method from [2].  

 

Figure 1. Wing local lift coefficient with propeller influence 
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1. Introduction 
 To date, the problem of climbing stairs for a transfemoral amputee has not been resolved. The 
underlaying reason for this unresolved problem of stair climbing for a person with an AK prosthe-
sis lies in the need to introduce an external source of energy, which would provide the user with the 
energy required to lift the body when climbing stairs. This approach is ussually disregarded due to 
the presumption of a need for a robust external source of power, which would be unacceptable to 
the user. This paper is intended to prove the real possibility that a person with an AK prosthesis can 
climb stairs through a kinematic analysis of the movement of an AK prosthesis with a built-in hy-
draulic cylinder connected to an external source of power and analysis of forces in the AK prosthe-
sis. 

2. Analysis of kinematics and reaction forces of the stair 
 The recording and measuring of one transfemoral amputee are carried out (age 70, weight 70 
kg, height 172 cm, amputation on right side). The AK prosthesis ENDOLITE type SFEUK with an 
Endolite Multiflex foot is fitted to the transfemoral examinee. The existing damper in the knee joint 
is substituted with a specially constructed hydraulic cylinder [1,2,3]. Five passive markers with 1 
cm diameters were used for marking characteristic points on the AK prosthesis. They were placed 
laterally on the right side of AK prosthesis at the following points: hip, knee joint line, ankle joint 
line, heel and fifth toe of the prosthetic foot to study the motion of the hip, knee and foot of the 
prosthesis. Three staircases with different rise/run ratios were used (shallow (SH) 25º; moderate 
(M) 30º; steep (ST) 36º). Staircases had banisters on the left side. Two CCD cameras of ELITE 
system were used [4]. The movement of the AK prosthesis in a sagital plane was analyzed, from 
the moment of the first contact of the prosthetic foot with a step, until the moment of separation 
from the same step. The characteristic angles of the AK prosthesis in a sagital plane are chosen for 
analysis of the climb, these are the hip angle, knee angle and foot angle. Specific angles of the 
prosthesis in a sagital plane are defined. The analysis included the highest pressure of the hydraulic 
installation of the prosthesis achieved during the climbing, and also the knee moment generated by 
this pressure in order to make possible this stair-climbing. The period of climbing for the trans-
femoral amputee can be divided into four phases. The first phase is the first contact of the pros-
thetic foot with the stair when the examinee touches the stair with the front of his prosthetic foot. 
This initial phase lasted on the shallow staircase 34,386% of the total period of climbing, on the 
moderate staircase 40,319 % and on the steep staircase 11,820%. The initial foot angle to the sur-
face of the stair was: on the shallow staircase 16,808°, on the moderate 9,641° and on the steep 
5,422°. It was noted that as the ratio of the staircase increased the initial foot angle decreased and 
the lenght of the initial phase decreased. The second phase of climbing begins with the pulling of 
the manifold handle, in which the pulling out of the piston starts in the knee joint of the AK pros-
thesis. 
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 The first reaction is that the prosthetic heel strikes and the almost simultaneous separation of 
the left leg from the ground, as the knee angle and hip angle decrease. Then begins the third phase 
of climbing, when the prosthetic foot is resting on the step and the healthy leg swings up in order to 
touch the second step and lift the body of the amputee. At this phase extension of the AK prosthesis 
in the knee joint continues until the extension is complete. The fourth phase begins at the moment 
when the foot of the left, healthy leg is resting entirely on the second step and prosthetic foot sepa-
rates from the first step.  
The average pressure in the hydraulic installation during climbing with the AK prosthesis was 
86x105 Pa. The maximal moment produced by the force of the hydraulic cylinder during climbing 
with the use of a banister was 54,28 Nm, and during the climbing with the use of both a banister on 
the left side and pulling on a horizontal rope with the right hand was 53,07 Nm. 
 For the analysis of the reaction force of a stair, detailed analysis of its vertical component for 
all samples of climbing was carried out. The curve of the vertical reaction force of a person with 
the AK prosthesis looks like the one for nonamputee [5]. 
 During the stair-climbing with using a banister hand-hold on the left side, the first peak on ver-
tical reaction curve was lower than the same peak for nonamputees for 27% (SH), 16% (M) and 
38% (ST); The second peak was lower for 26% (SH), 24% (M) and 18% (ST); The valley was 
lower for 28% (SH), 22%(M) and 27% (ST) [5].  
During the climbing of examinee with the AK prosthesis with the use of a banister hand-hold on 
the left side and horizontal pulling force by right hand, the vertical reaction force of the stair was 
little greather than the same force during the climbing with the use of a banister only.  

3. Conclusion 
It can be concluded that a hydraulic installation with 100x105 Pa as nominal pressure can be 

used for stair-climbing with the use of a banister hand-hold. Analysing the vertical reaction force of 
the stair during the climbing of a person with the AK prosthesis with hydraulic cylinder built in the 
knee joint and connected with an external source of power, it is established that the vertical reacti-
on force is smaller than the same force during the climbing for nonamputees. These results leed us 
to conclusion that it is feasible to create a drive for an AK prosthesis for stair-climbing with a unit 
whose weight and over-all dimensions would not interfere with the comfort of the prosthesis user.  
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1. Introduction 
 In merchant marine ships of nowadays, propellers play a significant role in their propulsion sys-
tems. Propellers are used to convert the shaft's rotation into the thrust force that is transmitted to the 
hull, causing the ship's motion. The most common junction between the propeller and the shaft is 
the conical keyless shrink-fit junction. This junction is of particular importance when applied on 
large merchant ships. Therefore, this shafting detail deserves a particular attention in design, con-
struction, manufacture and assembly, as well as in the exploitation surveys. 
 
 Owing to the fact that there were many failures of this important junction part reported, the In-
ternational Association of Classification Societies (IACS) dealt with this problem since 1978, es-
tablishing the common Unified Requirement UR K3. However, neither the all IACS societies have 
implemented this UR completely, nor the problem has completely been solved. This was the reason 
why this problem was assigned to the IACS Working Party on Machinery, with the main focus on 
improving the existing UR. The development of numerical tools, particularly the simulation of con-
tact problems using the Finite Element Method, enabled more detailed analysis that was not possi-
ble in the early eighties. 
 
 The conical keyless shrink-fit junction of an 8,3 m diameter propeller of the 166.300 tdw oil 
tanker, presently being built in Croatia, was modelled by using the non-linear finite element pack-
age ADINA. The fitting process and the conditions met in exploitation were simulated for various 
operating temperatures that are strongly effecting the junction. Figure 1 shows a characteristic nu-
merical modelling result.  
 

 

Figure 1. Effective stress distribution when cooling the junction from 18°C to 0°C 
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 Analytical results are based on the pressure-axial displacement relation during the fitting proc-
ess (1), the push-up force relation (2), and the relation describing the thermal pressure changes in 
exploitation (3):  
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 The obtained results are presented in tabular and chart forms and compared with the analytical 
ones obtained by the IACS UR. The analytical and numerical results show a very good agreement. 

2. Conclusion 
 A simple analytical method and a numerical finite element approach have been implemented to 
the calculation of keyless shrink-fit of the propeller to its shaft.  The analytical method is based on 
the simple analytical calculations, as stated in CRS rules [1] and IACS UR K3 [2]. The numerical 
modelling uses a rather complicated non-linear approach, especially when modelling the contact.  
  
 The most important conclusion is that the value of the simple analytical method has been 
proved, by comparing its results to the ones obtained by numerical modelling in the presented case 
of a real practical situation, i.e. the 166.300 tdw oil tanker. This fact is of great importance for the 
future development of the IACS UR K3. 
 
 Further work is going to be focused on the improvement of the analytical method, taking into 
account the unequal pressure distribution along the junction. Numerical results and feedback ob-
tained during the assembly process in a shipyard will be used to evaluate the worth of the analytical 
approach. The final goal is to obtain a comprehensive, robust, fast and verified method, which may 
be easily implemented in a classification society surveyor’s everyday work.  
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Figure 1. Horizontal displacement, αf=0.1, 
αm=0.08, variable time step, instantaneous dis-

l t i t

Figure 2. Vertical displacement, αf=0.1,  
αm=0.08, variable time step, instantaneous dis-

placement increment

Figure 3. Horizontal displac., αf=0.1, αm=0.08, 
 v.t.s., total displacement of a current step

Figure 4. Vertical displac., αf=0.1, αm=0.08,  
v.t.s., total displacement of a current step 
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Keywords:  rotordynamics, contact problem, adaptive time step methods 

1. Introduction 
 In the paper the determination of transient nonlinear multidisc rotor response, whirling with 
slip on the vibrating stator, is shown. Nonlinearities are taken in the mathematical model through 
the normal contact force, as a function of deformation, deformation velocity as well as contact an-
gle, in the contact point. Some results in using HHT α, WBZ α and generalized α method, for nu-
merical obtaining of response of run-down rotor during the contact with vibrating stator in the dry 
friction bearings, are given. The numerical stability and accuracy of these methods are compared. 
Special attention is paid to the possibility of using the adaptive time step calculation. For this pur-
pose different numerical indicators, which detect the ranges where the time-steps have to be re-
duced or where they may be enlarged, are compared. Also the criteria for the recalculation with the 
smaller and larger step size are given.  

2. Results of Calculations 
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Figure 5. Time steps h, variable time step, instan-
t di l t i t

 
 
 
 
 
 
 
 
 
 
 

2. Conclusions 
(1) Generalized α method represents a successful tool in solving of nonlinear contact problems of 
the rotor in the dry friction bearings. This method posses an optimal algorithm for the minimization 
of low-frequency dissipation while attain the high-frequency dissipation improving the conver-
gence of iterative equation solver. Optimal parameters of generalized α method obtained in the pa-
per, for contact problems of rotor in dry friction bearings, are αf=0.1 and αm=0.08. 
(2) Adaptive time step procedure reduces computational cost and improves its accuracy. The limit 
parameters for adaptive time step procedure should be selected very carefully to obtain the accurate 
and true values of vibrational parameters. The method of a norm of the instantaneous displacement 
increment gives the best accuracy of the results (identical with the fixed time steps) while the 
method of total displacement of a current step is something faster but with the lower accuracy. The 
method of a norm of the maximal displacements of all steps should be avoided. After the passage 
through the critical speeds, in the area of small displacement magnitudes, different types of refer-
ence displacement can be combined. The highest savings in the computational time can be attained 
if the method of the instantaneous displacement increment is used after the method of a norm of the 
total displacement of a current step. 
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